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Abstract -- In this work, dead-end ﬁltration was applied to the nanoﬁltration of synthetic ionic solutions. In
order to study the phenomenon of polarization in the boundary layer, we chose NaCl, CaCl2 and Na2(SO4)
solutions to pH = 6.8 which concentrations varies from 0.3 to 1.5 g L1 and the ﬁltration pressure varied from
6 to 16 bar. In this study, the results of these experiments show a correlation between the initial concentration
of the solution and the pressure applied with the polarization. The polarization intensiﬁes for the high
concentrations and pressures. The ionic balance between the microscopic zone of polarization and the
macroscopic state of the solution is described by the following key equation of the model:
0

∫ dðtÞ ðCðx; tÞ  C o Þ⋅vx ðtÞ ¼ ðC r ðtÞ  C o Þ⋅V s ðtÞ
The novelty of this model that it is sufﬁcient to know the conductivity and volume ﬂow of permeate solution to
calculate precisely the polarization concentration at the membrane surface, the thickness of the polarization
layer and the concentration proﬁle inside the boundary layer polarization. It is important to note that the model
developed does not take into account the clogging phenomenon because the experiments were done on low
concentration synthetic ionic solutions.
Keywords: Nanoﬁltration, Polarization, New model

Introduction
Since the advent of membranes, many studies that
date back to 1970 have ﬁrst aimed at improving the
comprehension of the phenomenon involved in the
clogging, in more or less short term, to be able to
anticipate it, even to control it. Different processes have
been used for this purpose: one of the most important is
nanoﬁltration [1–8], which is applied as a means of water
treatment in several areas [9–14], based on different
methods such as electrochimical peroxidation [15,16] and
electrocoagulation [17].
These efforts are aimed, on the one hand to identify
the elements responsible for clogging, on the other hand,
to propose methods of quantiﬁcation leading to provide
indications for improving the conduct of operations.
In this context, our study of Master’s degree focuses on
the ﬁrst clogging step: it is the phenomenon of
polarization.
*Corresponding author: yassinemdemagh@yahoo.fr

In this case, the main objectives of this research are:
(i) the studying of the experimental parameters on a locale
scale and their inﬂuence on the phenomenon of polarization and (ii) the creation of a new mathematical model
by the characterization of the polarization that can be
considered as a simple model; which does not require
several experimental parameters or sophisticates materials to start it, contrary to others models [18–22] which are
sometimes a bit complicated.

Material and methods
This work was focalized on application of the dead-end
ﬁltration to the nanoﬁltration of synthetic ionic solutions
such as NaCl, CaCl2 and Na2SO4 at different concentrations (0.3, 0.6, 0.9, 1.2, and 1.5) g L1 and the ﬁltration
pressure varied from 6 to 16 bar. The dead-end ﬁltration
experiments were conducted in a laboratory-constructed
magnetically stirred cell in dead-end ﬁltration mode. The
volume of the cell and the pH of the solution are
respectively 200 mL and 6.8. It could be ﬁtted within
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Fig. 1. The permeability coefﬁcient of the membrane UTC-80.

the module, with an effective membrane surface area of
38.46 cm2. The membrane used is a UTC-80 (ultra-thin
composite) from TORAY.
The membrane is conditioned by the ﬁltration of pure
water at the progressive pressure in stages of 20 min before
the tests. The permeability of the membrane is equal to
0.407 L h1m2 bar1 (Fig. 1).

Fick’s second law predicts how the diffusion causes the
concentration change with time. It is a one-dimensional
partial differential equation:
dC
dj
¼
dt
dx

Procedure of the experiment
– Fill 200 mL of the solution into the separation module
and adjust the pressure to 6 bar.
– Wait 20 min before the ﬁrst measurement.
– Collect 5 mL of permeate, T1 is the time necessary to
obtain this volume of permeate, the time of the
experiment t1 (mn) = 20 + T1.
– Measure the conductivity of the permeate solution and
calculate the Cr1 concentration of the retentate solution
with equation (4).
– Without changing the initial solution, set the pressure to
the next value of 8 bar and collect 5 mL of permeate, note
also T2 and t2 = 20 + T1 + T2.
– Measure its conductivity and calculate the Cr2 concentration of the retentate solution.
– Continue with the same procedure up to 16 bar.
– Fill a new solution of different concentration and repeat
the same procedure.

It should be noticed that in this case, stationary phase
cannot be established, and the thickness polarization layer
increases from the continuous upcoming ions to theoretically it means the inﬁnity.
Spatial and temporary study of concentration
polarization

dC
dx

∂Cðx; tÞ
∂Cðx; tÞ
∂2 Cðx; tÞ
¼ J⋅
þ D⋅
∂t
∂x
∂x2

ð1Þ

ð3Þ

After measuring the concentration of the permeate, it
will be possible to know indirectly the concentration of the
retentate in the module by mass balance:
Cr ¼

C b ⋅V b  C p ⋅V p
Vb Vp

ð4Þ

The ﬁltration of retentate solution Cr was applied by
varying pressure after every 5 mL:
ð5Þ

a, b and g are constants which are determined from
Figure 2. T is the periodic time which is needed to
obtain 5 mL of permeate under the considered pressure.
Experimentally, T can be presented as a secondary
variation function of time:
T ðtÞ ¼ a⋅t2 þ b⋅t þ c

The transport equation for species i corresponds to
difference between convection upcoming and diffusion
departure.

ð2Þ

Equations (1) and (2) can describe the relation of
diffusion concentration in terms of time and spatial
differentials:

C r ¼ a⋅T 2 þ b⋅T þ g

Modelization of concentration polarization

j ¼ J⋅C  D⋅

Fig. 2. Variation of the retentate concentration as a function of
the ﬁltration period T.

ð6Þ

a, b and c are constants which are determined from
Figure 3. The variation of the retentate concentration
Cr of the solution over time is proportional to the variation
of the concentration C(x,t) in the boundary layer’s
polarization.
The variation of Cr during the experience is illustrated
simultaneously from the graphs of Figures 2 and 3.
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Table 1. The experimental values.
Co (g L1)

0.3

d C (t)
dt r
J
Cr–Co
l
I
T
∂
∂t Cðx; tÞ⋅T

0.9

1.2

Min
1.00E‑06

Max
5.00E‑06

Min
8.80E‑07

Max
6.50E‑06

Min
6.70E‑06

6.70E‑07
0.02
4.40E‑02
5.74E‑08
1.06E+03
6.06E‑05

1.40E‑06
0.06
5.00E‑02
3.34E‑07
1.93E+03
6.44E‑04

5.90E‑07
0.03
4.40E‑02
5.64E‑08
1.03E+03
5.83E‑05

1.20E‑06
0.1
5.00E‑02
4.45E‑07
2.17E+03
9.65E‑04

5.80E‑07
0.03
4.40E‑02
3.12E‑07
1.07E+03
3.35E‑04

1.5
Max

Min

Max

1.50E‑05
1.20E‑06
0.12
5.00E‑02
8.94E‑07
2.25E+03
2.01E‑03

5.50E‑06
5.70E‑07
0.05
4.40E‑02
2.71E‑07
1.38E+03
3.73E‑04

2.63E‑05
1.10E‑06
0.17
5.00E‑02
1.50E‑06
2.17E+03
3.26E‑03

Knowing that the function C(x,t) is continuous and
bounded on the interval [delta, 0], the integral and the
derivative can be permuted:

∂ 0
∫ dðtÞ ðCðx; tÞ  C o Þdx
∂t


∂
d
0
dðtÞ ⋅ðC ðdðtÞÞ  C o Þ
¼ ∫ dðtÞ Cðx; tÞdx 
∂t
dt

ð9Þ

with C(d(t), t) = Co, vx = S ⋅ dx and Vs = S ⋅ l
With equation (8) the result is as follows:

Fig. 3. Variation of ﬁltration periodic T as a function of the
ﬁltration time t.

The concentration depends on two experimental
variables: the time t and the periodic time T of ﬁltration:

0 ∂
I ¼ ∫ d Cðx; tÞdx
∂t


1
d
d
¼
ðC r  C o Þ⋅ ðV s Þ þ V s ⋅ C r ðtÞ
S
dt
dt
d
¼ ðC r  C o Þ⋅J þ l⋅ C r ðtÞ
dt

The experimental values of each term in this equation
are illustrated from Table 1. This table illustrated the
minimum and the maximum value.
0

dC r dC r ∗ dT
¼ ð2a⋅T þ bÞ⋅ð2a⋅t þ bÞ
¼
dt
dT dt

ð7Þ

The resolution of the mass transfer’s equation (3)
requires the knowledge of the variation of the concentration in the polarization of boundary layer with time. One
of the methods to solve this equation is to subdivide the
total ﬁltration time t into smaller intervals T and study
the polarization phenomenon over the period T. The
advantage of this method is to minimize the variation of
the concentration over time, it will be shown later in this
paper.
During the ﬁltration, there is a mass accumulation in
the polarization of boundary layer. This accumulation
will modify the total retentate concentration in the
solution. The resulting mass balance is given by the
equation below:
0

∫ d ðCðx; tÞ  C o Þ⋅vx ¼ ðC r ðtÞ  C o Þ⋅V s

ð8Þ

ð10Þ

I ¼ ∫d

∂
Cðx; tÞdx
∂t 

d
 max ðC r ðtÞ  C o Þ:J þ l: C r ðtÞ
dt



¼ 1:5  106 g L1 s1

ð11Þ

It is important to note that the notion of integral of a
function is its algebraic sum on the integration interval;
in this case, the derivative of the concentration C(x,t) is
positive by the mass accumulation effect.
Therefore, necessarily ∀ xo ∈ [d, 0]:
∂
Cðx; tÞ=x¼x0  1:5  106 g L1 s1
∂t

ð12Þ

For a value from a ﬁltration period T, we have from
Table 1 a maximum variation obtained from this
equation:
∂
Cðx; tÞ=x¼x0  3:26  103 g L1
∂t

ð13Þ
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This result proves that ∂t∂ Cðx; tÞ=x¼x0 is approximate
and is considered as a limited during the interval T. The
variation of C(x, t) in time T is negligible.
The problem now is to ﬁnd a stationary solution for
each period T. This leads to the following relation:
d2 C J dC
∼ ⋅
dx2 D dx

ð14Þ

Its solution is described as:
C 2 ðxÞ ¼ k1 ⋅



D
J
⋅exp
⋅x þ k2
J
D

ð15Þ

k1 and k2 are determined under initial conditions:
x ¼ 0; C 2 ðxÞ ¼ C m ¼

k1 ¼

D
J



ð16Þ



D
J
⋅k1 ⋅exp
⋅x þ k2
J
D

ð17Þ

Co  Cm


J
⋅ exp D
d 1

ð18Þ

x ¼ d; C 2 ðxÞ ¼ C o ¼
Thus

D
⋅k1 þ k2
J



Cm  Co
J

⋅d
⋅exp
k2 ¼ C o 
J
D
1  exp D
⋅d
In this case C2 is calculated as:

ðC m  C o Þ⋅ exp J⋅x
exp
D 

C 2 ðxÞ ¼
1  exp J⋅d
D

J⋅d
D

ð19Þ

0

∫ d ðC 2 ðxÞ  C o Þ⋅vx ¼ ðC r  C o Þ⋅V s

ð25Þ

∫ d ðC 2 ðxÞ  C o Þ⋅S⋅dx ¼ ðC r  C o Þ⋅S⋅l

0

ð26Þ

1 0
C r  C o ¼ ⋅∫ d ðC 2 ðxÞ  C o Þ⋅dx
l

ð27Þ

Assuming the function H as:
1 0
H ¼ C o  C r þ ⋅∫ d ðC 2 ðxÞ  C o Þ⋅dx
l

þ Co

dC
dx

Selectivity expression
We can express (Eq. (24)) like as the following relation:


Co
J⋅d
C m Cp þ exp D  1

¼
ð29Þ
Cp
exp J⋅d
D
We have also:

ð20Þ

C1 is proposed as a solution of this equation:


J
⋅x þ C p
C 1 ðxÞ ¼ k⋅exp
D

ð21Þ

Robs ¼ 1 

Cp
Co

ð30Þ

Rint ¼ 1 

Cp
Cm

ð31Þ

This leads to:
1  Rint ¼

1
1Robs


exp J⋅d
D

þ exp J⋅d
D 1

ð32Þ

Finally, the rejection estimated with the developed
model can be written bellow:
ð22Þ

where k is the constant, under the assumed initial
conditions x = 0, C(x) = Cm we have:
 
J⋅x
þ Cp
C 1 ðxÞ ¼ ðC m  C p Þ⋅exp
D

ð28Þ

For the determination of the expression H, we used
software “Maple 18”.
To calculate d, we need only to impose that H = 0.



The convection diffusion of the equilibrium boundary
thickness can be described as:
J⋅C p ¼ J⋅C  D⋅

According to equation (8) we have:

ð23Þ

Robsmodel ¼

1þ



Robsmodel ¼

1Rint
Rint

1



⋅exp  J⋅d
D

1
1þ

expðJ⋅d
DÞ
C m =C p 1

ð33Þ

ð34Þ

Analytic expression of Cm and d

Results and discussion

Applying initial conditions C1(d) = Co in equation (23),
we got:

Inﬂuence of varying the common ion concentration
on process parameters
Flux

J⋅d

Cm ¼

eD0 ⋅C p þ C o  C p
J⋅d

eD

ð24Þ

For each synthetic solution, the variation of the ﬂux in
different pressures is reported in Figures 4–6.
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Fig. 4. Variation of ﬂux in the case of NaCl.

5

Fig. 6. Variation of ﬂux in the case of CaCl2.

Fig. 5. Variation of ﬂux in the case of Na2SO4.

The ﬂux variation is the same for the three ions within
investigated concentrations. The ﬂux decreases proportionally with the concentration by polarization effect.
Permeability
Since the hydraulic permeability is an intrinsic
speciﬁcity of the membrane, we calculated this parameter
for all investigated ions with different concentrations.
Figure 7 shows that the permeability of CaCl2 is higher
than those of NaCl and Na2SO4. This is because of the
charge’s inﬂuence of NF membrane is considered [23],
which is conﬁrmed with previous results given by Eriksson
and Tsuru et al. [24,25]. The little decreasing of
permeability can be explained by the interface polarization effect.
Polarization
Thickness of the boundary layer polarization (d)
Using the developed numerical model, we have
determined in the case of CaCl2, the effect of varying

Fig. 7. Variation of permeability with different concentration of
salts.

pressures and concentrations on the thickness of the
boundary layer’s polarization (d).
It is clear in Figure 8, with the increasing of the
pressure’s values during ﬁltration cycle for a given
concentration, d increases until attending a limit value.
This is mainly due to the ion accumulation on polarization
layer. These observations can be explained by the existence
of two types of interactions: van Der Waals attraction
interaction (VDW) (varying as 1/r6) and electrostatic
attractive interaction (which dependent on 1/r).
Knowing that the energy of electrostatic interaction
decreases exponentially as a function of the ionic strength
(m) of the solution, it allows us to understand that at the
highest concentrations these interactions are the weakest
so the polarization layer will be more compressible, in
addition to the VDW attraction interactions will be
stronger in this case since the chemical entities will be
closer to each other, hence the values of d at low
concentrations will be greater. Chaabane et al. conﬁrmed
these results [26]. The limited values of d for higher
pressures were related to repulsive interaction created by
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Fig. 9. Variation of Cm versus Co and ﬂux.
Fig. 8. Variation of delta versus Co and P.

the electronic orbital of the chemical entities (energy of
Pauli) that have an important gradient (varying as 1/r12)
operating on closely distance.
Polarization concentration Cm
The developed model allows us also to calculate
polarization concentration Cm and its variation like it is
illustrated in Figure 9.
The Cm variation and the ﬂux are in liner regression, as
predicted, it increases with higher pressure and concentration. That can be explained by the importance of ion
accumulation on the membrane surface.

concentration proﬁle in the polarization boundary layer
for several salts and that the polarization concentration
increased when the pressure increased. Déon et al. [27]
investigated the effect of increasing concentration and
pressure on the membrane charge density as well as on the
pores and found that the polarization phenomenon was
ampliﬁed.
The main advantage of this model is its simplicity to
describe these phenomena with the knowledge of the
initial concentrations in the solutions and the applied
pressures. It can be shown that the obtained concentration
proﬁle is considered as the result between convection and
retro-diffusion of ions.

Concentration proﬁle on the boundary layer
polarization

Highlighting of the mass transfer rate by convection
and backscattering

Knowing the polarization concentration Cm and the
thickness d, and taking to account the equations (5) and
(10), we can determine the CaCl2 concentration on the
polarization’s boundary layer.

It is all perfectly clear that the convective mass
transfer is much higher than the transfer by backscattering, otherwise each particle arriving at the membrane
surface broadcasts immediately in the heart of the
solution and we would have no accumulation of material,
so the polarization phenomenon would disappear. To
observe the backscattering material transfer effect on the
polarization, it is necessary to decrease the transfer
convection rate compared to backscattering. For this,
the maximum applied pressure will be (16 bar) tolerated
by our module at the beginning of material transfer, and
then this pressure will gradually decrease up to 6 bar.
The evolution of experimental length’s boundary layer d
and concentration polarization Cm are illustrated in
Figures 12 and 13.
Knowing Cm and d we can be acquainted with the
evolution of the proﬁle’s solution concentration in the
polarization boundary layer (Fig. 14).
During the pressure reduction, the evolution of d
indicates that the latter continues to increase. In addition,
the concentration polarization Cm increases proportionally when the pressure ﬂuctuates between 16 and 14 bar.
Thereafter, it continues to decline with decreasing
pressure.

Pressure effect
The proﬁles of the concentrations in the polarization
boundary layer are larger for the higher pressures;
phenomenon is due to the fact that more pressure is
important more the ﬂow is high, and therefore the
accumulation of particles will be the biggest (Fig. 10).
Concentration effect
In this case, pressure is maintained constant while
initial concentrations Co are varying (Fig. 11).
The concentration proﬁle in the polarization's boundary layer inﬂuences the variation of Cm for higher
pressures applied for different initial concentrations.
The same effect is observed as that of the case of pressure,
for the highest initial concentrations we notice an increase
in the concentration proﬁle.
These results have been conﬁrmed by several studies;
Chaabane et al. [26] found the same proﬁle of the
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Fig. 10. Inﬂuence of pressure on spatial distribution of the solution concentration on the polarization boundary layer: (a)
Co = 0.3 g L1, (b) Co = 0.9 g L1, (c) Co = 1.2 g L1, and (d) Co = 1.5 g L1.

The evolution of Cm and d affect directly the
concentration proﬁle in the polarization layer. Besides,
based on Figure 14, we found that the value of the
concentration within the boundary layer Cx grows from
16 to 10 bar and decreases from 8 to 6 bar.
We can say that these phenomena made by fact of
applying a pressure equal 16 bar, we compressed the
maximum d boundary layer length which is equal to
1.7 mm and convective transfer is at its maximum. By
decreasing the pressure, we will reduce the convective
transfer; also, it is even more important than the transfer
by backscatter and this is why Cm and d continue to
increase. From 12 bar, the mass transfer phenomenon will
change the direction of variation; it is the balance transfer
between the phenomenon of convection and diffusion.
At 10 bar, the transfer by backscattering slightly
exceeds than the convection. We found that the concentration polarization decreases while d continues to
increase. It may also be noted that from 8 bar, Cm
decreases and d continues to increase when the transfer by
backscattering becomes very important, besides of
convection, indeed each particle arriving within the
boundary layer will be transferred in the heart of the

solution and its transfer’s speed is proportional to the
transferring and the diffusion. Subsequently, the concentration Cx within the boundary layer decreases progressively when the pressure P declines. This is conﬁrmed in
Figure 14, when the growth of concentration Cx proﬁle was
reported P = 8–6 bar.

Model validation: comparative study
Theoretical salts rejections were calculated by equations (30) and (34), by using estimated d and Cm. Figure 15
shows a comparison between the model’s predictions and
the experimental results at different concentrations. The
ﬁgures show that there is an excellent agreement between
experimental data and theoretical calculated rejection
using our model.
The Figure 16 shows the zones of variations of the
retention rate according to equation (34) where Robs is a
function of delta and Cm (this ﬁgure was obtained using
the software “TableCurve 3D v4.0”). Indeed for the low
values of Cm the most important retention rates have been
reported, but there is a reduction in retention rates when
the phenomenon of polarization is important.

8
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Fig. 11. Inﬂuence of initial concentration on spatial distribution concentration on the boundary layer polarisation (a) 6 bar, (b) 8 bar,
(c) 10 bar, (d) 12 bar, (e) 14 bar, and (f) 16 bar.
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Fig. 12. Effect of decreasing of pressure on delta.

Fig. 14. Concentration proﬁle in the polarization boundary
layer of the CaCl2 solution at 0.6 g L1 with decreasing variation
of the pressure.
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Fig. 13. Effect of decreasing the pressure on Cm.

Conclusion
This paper focused on the application of the dead-end
ﬁltration on nanoﬁltration membrane of synthetic
ionic solutions. The phenomenon of polarization in the
boundary layer and pressure effects were investigated. In
this study, a new model has been established that allows
determining the thickness of the polarization’s boundary
layer (d) and the concentration of polarization (Cm) at the
membrane–solution interface.
It allowed us to determine the mathematical expression of the concentration proﬁle in the polarization’s
boundary layer (Cx). Applying this model to the CaCl2

R exprimental

2.5

Cm (g/L)

3

100
90
80
70
60
50
40
30
20
10
0

Co=1.5 g/l
Co=1.2 g/l
Co=0.9 g/l
Co=0.6 g/l
Co=0.3 g/l

0

50

100

R model
Fig. 15. Comparison between predicted and experimental
values of the rejection rates.

solution, we were able to follow during the ﬁltration the
variation of the concentration proﬁle in the polarization’s
boundary layer versus the applied pressure and the initial
concentration of the solution. This made possible the
identiﬁcation of the mass transfer rate by convection
and by retro-diffusion also to follow the evolution of
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a
b
g
a
b
c
k1
k2

Constant
Constant
Constant
Constant
Constant
Constant
Constant
Constant
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