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Abstract — From our previous work we have seen examples of problems where including diffusion of a reactant
into the model only affects the transient behaviour of the system but has no effect on the final steady states of
its concentration. The equilibrium values are the only piece of information required for the solution of our
experimental problem and in such situations it is important to identify the conditions under which a complex
partial differential equations model can be replaced with a simpler one. The aim of this study is to find the opti-
mal ratio of the two enzymes involved with a bi-enzyme electrode based on a flow injection analysis. Three
mathematical models was constructed each neglect different aspects of the biosensor functionality. A detailed
comparison of the models was carried out, base on various physical conditions recommendations of the best
modelling strategy were given.
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Introduction

In order to build a platform for biosensers based on a bi-enzyme electrode a research group at Dublin City University in
Ireland have conducted a series of experiments which motivated this reseach work (refer to [1, 2] for details). The biosensor
system investigated in this paper consists of two enzymes: glucose oxidase (GOX) and horseradish peroxidase (HRP), they
are both immobilised onto an electrode modified with a conducting polymer. The two enzymes have very different kinetic
characteristics, the performance of the system will depend on the optimal ratio of the two enzymes. A cascade reaction takes
place at the electrode, GOX catalyses the oxidation reaction of glucose to gluconic acid, with production of HyOs. HRP is
oxidised by hydrogen peroxide and then subsequently reduced by electrons provided by the electrode, which can be sum-
marised as:

B — D — glucose + Oy + H,O Gox gluconic acid + H,0,,
H,O, + HRP — Compound/ + H,O,
Compound/ +2e~ +H" — HRP + H,O.

Modelling strategies

A number of simplifying assumptions are made in order to carry out mathematical modelling for these reactions (refer to
[3] for details). The standard Michaelis-Menten equation (1) was used to model this biochemical reaction:

f ks ks
EitSi 2 BE +8, E+S, 2 =B+ P, (1)
-3

where E; represents glucose oxidase, Fs represents horseradish peroxidase, S; and S, represent the two substrates: glu-
cose and hydrogen peroxide, C; and Cj represent the two complexes and P represents the final product. All the k values
denote the reactions rate, which are all constant.
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Three models of varying complexity for analysing this optimisation problem were discussed. Analytical solutions were
presented with a view to expressing the steady-state current as a function of the ratio { of the two immobilised enzymes and
thus finding its maximum value.

The first model, the “comprehensive model” assumes that the two substrates, S; and Sy, are free to diffuse in the solution
and consists of two diffusion equations with the relevant nonlinear reaction-type boundary conditions. This model was pro-
posed and solved numerically in [1]. We then jump to the other extreme and ignore all transport phenomena basically reduc-
ing the whole problem to the one-point kinetics of the cascade reaction in the second model, the “simplified model”. This
leads to a system of ordinary differential equations which is analysed using a combination of dynamical systems methods,
perturbation techniques and numerical simulations. This model was also studied previously in Refs. [2, 3]. Finally, the third
model, the “intermediate model” is proposed here for the first time and is a compromise between the two situations discussed
above, where we allow one substrate (hydrogen peroxide) to diffuse but assume the other substrate (glucose) is only present
at the electrode, in comparison with the first model, we obtain a much simpler system.

It is perhaps instructive to give some motivations regarding the choice of these three models and discuss expectations.
We expect the diffusion of the first substrate S; to the electrode will have no effect on the equilibrium state except by
increasing the time it takes to achieve it. So we expect there will be little difference between the first and third model.
On the other hand, neglecting the diffusion of the second substrate Sy (hydrogen peroxide) in the second model is potentially
more serious as this assumes that all S, generated in the first reaction is immediately available for the second reaction and
this could affect the size of the final steady states.

The comprehensive model

This section reviews the model introduced in [1] (where both substrates diffuse). An additional steady-state analysis of
the partial differential equations is also presented.

Review of the comprehensive model

In this model, the cascade scheme (1) is modelled by a system of partial differential equations and boundary conditions
representing convective and diffusive transport of the two substrates, glucose and hydrogen peroxide, as well as the reaction
kinetics of the bi-enzyme electrode. For simplicity, the convective transport is not explicitly modelled and the flow injection
is only reflected in the boundary conditions imposed at the top of the diffusion domain, 0 < z < L. We have also assumed
that diffusion is one-dimensional and x measures distance from the electrode.

In what follows, we denote the concentrations of all the chemical species mentioned in the cascade scheme (1) by their
corresponding lower case letters (e.g., s; = [S], etc.). The two substrates satisfy the following diffusion equations:

Osy (x, 1) %1 (x, 1)

=D 0<x<L, t>0
o e 0 =tk e
Osa(x, 1) 0%s55(x, 1)
=D <x<L >
o 22 0 0sxsl, 120,

where D; and D, denotes the coefficients of diffusion. The top boundary conditions were formed based on the fact that
the first substrate S; is continuously injected into the solution at a constant speed, and the second substrate S5 is flushed
away constantly, where,

Sl(L,t) = 8o, t Z 0,
so(L,t) =0, t>0.

The bottom boundary conditions are:

D, w = kiey(t)s1(0,1) — ke (1),
Dg% = kzey(1)s9(0,1) — kocy1 () — k_3¢2(2),
together with,
% = —kiei(t)s1(0,1) + (k-1 + ka)c1(2),
des

3 = Fer(0):(0,0) + (ks + ka)es (),
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d
dctl = kie1(1)s1(0,1) — (k_1 + ka)ci (),
d
= kaea(1092(0.) = (ks + Ka)ea (1),

The initial conditions are:
e(0) =¢], e(0)=ej, c1(0)=0, (0)=0, p0)=0, s:(x,0)=0,
S0, ifx=1L,
s1(x, 0) =
0, otherwise,

where €], €) and s are constants. We let,

which implies,

0 _ el & — €
LTI 2Ty

in which e represents the total amount of e; and e, consumed in the biochemical reaction, it is a constant parameter
which can be measured experimentally.

The system is non-dimensionalised by the variables as shown below:

_ _Sl(xat) — (= 7 _SZ(x7t) i 761(0 _ 762(1‘)
Sl(x7 t) - S0 9 SQ(x7t) - o ) el(t) = e ; 62(1) = e s
_alr o) oplt)  _ x ot
cl(t)_ e ’ Cz(t)— e ’ p(t)*ja x*?at*ga
where ty = 1/(k;sp). We then obtain the non-dimensional system,
Osy(x, 1) D, s, (x,1)
= - 2

ot kisol?  Ox2 (22)
Oss(x, 1) _ Dy 0%s55(x, 1) (21)

ot kisol?  Ox2
s1(L,)=1 (2¢)
55(1,6) =0 (2d)
6s1 (0, t) - klel k,lel

> D e1(2)s1(0,¢) Diss (1) (2e)
aSQ(O, t) kgel erl k,gel

_ el _ _ 2f

ox Dy es(t)s2(0,1) Doso a(t) Doso co(t) (2f)
de K!
T = —an (0.0 +-2a () (2¢)

t So

d€2 - k3 k—3 + k4
Tk ex(1)s2(0,1) + Fos e (t) (2h)
dc Kt .
d_tl = e(t)s1(0,1) — S—;"q(t) (21)
dCQ . kr; k_g + k4 .
o emon - ) (2)
dp k4
ot 2k
dt klso CQ(t)v ( )

where the bars were dropped for convenience. An extensive numerical analysis of this system was presented in [1] where
the behaviour of the enzyme ratio { was studied for different values of the system parameters. The time evolution of
kyes(t), which was taken as a measure of the amperometric signal, was calculated and the steady state value, kycj,
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was recorded as the current value and used for future parameter iterations. Note that the dimensional value of the cur-
rent is,

I(t) =~ % = kyoy (1) = ekycs (1), (3)

hence, k42,(t) can be regarded as a good measure of the amperometric signal, which should not depend on the choice of
non-dimensionalisation used in the model.

Steady-state analysis

This part of the paper analyse system (2) as t » oo. At equilibrium, equation (2a) gives,

Osy(x, )
= 07
ot
which means,
%1 (x, 1)
—=0; 4
ox? ' (4)
then integrating equation (4) twice with respect to z, we get,
sj(x) = Ax + B. (5)
Similarly, from equation (2b), we obtain,
55(x) = Cx + D, (6)

where si(z), si(x) denote the equilibrium values of s;(z, t), so(x, t) respectively, and A, B, C, D are constants of
integration.

Equation (2c¢) together with equation (5) gives,
50 = (1= B + B
similarly equation (2d) together with equation (6) gives,
53(x) = —Dx + D.

Thus, at = 0, the system (2) can be reduced to,

1-B= k;)—e]l (1C+C_ c’{)B - I;jseolc’; (7a)
—D:ICB—?(%H—CQD—ZZC’{—%C; (7h)
0= (ILH_CT)B_%CT (7c)
02]2(114{_0;)[)_%0; (7d)

Here, we have a system of four equations with four unknowns B, D, ¢} and ¢, we then reduce the system to two equa-
tions in terms of ¢ and ¢}, which denote the equilibrium values of ¢(?), ¢(t) respectively.

2 Dis, D K! ¢ Disy ¢
_ m * . EE— 0 8
(e1) (k2e1 T el T140) T el 110 (82)
5 kact DK 1 koci 1
% o m * . — 0 8b
() <k4+k4e1 +7) "k T (%)

System (8) can be easily solved to give explicit formulas for ¢ and c; where,
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Dis; DiK! Disy DK 4D
1S0Jr B ¢ + 1S0Jr B ¢ _ *iso £
kgel erl 1+ C kgel erl 1+ C erl 1+ C

¢, = 2 ) (9)
kot DoK2 1 koot DoK2 1 \' kel 1
m - :l: m _ .
) (k4+k4el+1+é_j> \/(k4+k4el+1+c ko 1+¢
cy = 3 . (10)

Note that the smaller solution is selected in both these quadratic equations, as we need,

* C * 1
clﬁe?:m; cggeg:m.

We then plot the current, k4cj, as a function of { by using MAPLE in Figure 1. We note that, as we chose ky = k4, the
optimal ratio {* approaches one for large glucose concentrations. Figure 2 shows the current as a function of { when the
ratio ky/ky is varied.

[ R )

2 3
L (GOX: FHRP ratio

a 5 6
)

Figure 1. Dependence of current on {. sy = 1 (red), 5 (blue), 10 (black) and 20 (green) mM, k; = 102, k_; = 107", ky = 10, k3 = 10?,
kg=10"" ks =10, =107°1=2 x 107, D; = 6.7 x 107*° and D, = 8.8 x 107'°.

Cuirrent

Figure 2. Dependence of current on {. ky/ky = 0.2 (red), 0.5 (blue), 1 (black) and 2 (green), k; = 102, k_y = 10", ky = 10, k3 = 107,
ks =101 k=10, =10 1=2x 1074 D; = 6.7 x 10 ** and D, = 8.8 x 107 1°.
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Simplified model

This section analyses the simple, one-point model of the cascade reaction which was introduced in [2]. A very detailed
analysis of the model is presented in [3], the behaviour of the system for different { is discussed in here.

Review of the simple model

The following non-dimentional system of ordinary differential equations were constructed for the one-point model based
on the fact that the substrates do not diffuse in the biochemical reaction:

ds k_
d—;:m <klslocl - (lf_C—C1>S1> (11a)
dS2 kQ k3 1 k73
—=g|—aca——|——— — 11b
a " (leo “ ki \1+¢ e )52t k150 “ (1Lb)
dCl C K1
B N B _m 11
dl <1 + C Cl>S1 So “ ( C)
dCQ kg 1 K
2 _ B — e, 11d
dz ky (1 Iy 02>Sz % Co ( )
We can further simplify system (11) as follows since the first substrate glucose is supplied constantly at the electrode,
dCl é Kl
— = (1 m 12
dr  1+¢ ( T )¢ (12a)
dCQ k’; 1 K
-2 _ 33 _ _ 12b
&k <1 g CQ>S2 50 (12b)
dS2 kg k3 1 k,3
22 (2 — 4 12
dt & <k1S(] @ kl 1 + g €2 |2 ¥ k1S0 @) ( C)
with initial conditions ¢; (0) = 0, ¢z (0) = 0 and s, (0) = 0, where,
e k 1+ ko k_g+ky
01 = — Kl = K =
o s " ky ’ ky

The global behaviour of system (12) is analysed by using the slow-fast dynamics, slow invariant manifold and the dynamical
systems analysis (refer to [3] for details), we concluded system (12) has the following long term behaviours,

lime, (1) =¢j, forall {, (13)
o= ¢ i< ¢ (14a)
, P+’ -
fim ex() = 1
T 20 (14D)
55, ifE< ¢ (15a)
lim s5(¢) = ) .
=00 oo, (>0, (15b)
where,
€ = d T~ (16)
(1+9) (1 + )
0
¢ = Sy (17)
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(koK
K! ’
S0 <k4 (1 + S—m) - €k2)
0

C*—E<1 +K—:">. (19)

ko So

*

S2:

(18)

From these results, we can see that when { < (*, the initial amount of glucose oxidase is less than the initial amount of
horseradish peroxidase. This leads to the amount of s, produced from the first reaction is all consummed somehow in the
second reaction and eventually an equilibrium state can be reached; and when { > {*, the initial amount of glucose
oxidase is greater than the initial amount of horseradish peroxidase. The production rate is greater than the comsump-
tion rate of sy, so the concentration of s, will increase indefinitely.

We plot the steady state current, kyco(00), as a function of { for different values of sy (Fig. 3) and ky/ks (Fig. 4).
In Figure 3 the curves overlay for { values ranging from 1 to 6, and in Figure 4 the curves overlay for { values ranging from 0
to 1, also note that from equations (14a) and (14b), that the optimal enzymes ratio is given by,

k K!
C*:—4<1+—m>,

S0

as ¢o(00) achieves its maximum value of 1/(1 + {*) when { = {*. Therefore, we are able to obtain an explicit formula
which gives the optimal value of { in terms of the system parameters. Note the agreement between the results as shown
in Figures 3 and 4 and the model in the previous section.

T T T T T T T

2 3
E (GOX: HRP ratio)

[ M., TR,

Figure 3. Dependence of current on {. s, = 0.03 (red), 0.09 (blue), 0.2 (black) and 5 (green) mM, k; = 10% k4 = 10", &, = 10 and
k4 - 10

Figure 4. Dependence of current on {. ky/k, = 0.2 (red), 0.5 (blue), 1 (black) and 2 (green), k; = 10%, k_y = 107", k, = 10 and &, = 10.
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Intermediate model

In this model, we assume the glucose (s;) does not diffuse but is present only at the electrode boundary point, and in
addition it is constant, i.e., $;(t) = so. (In other words, s; is supplied continuously at the reaction site.) The second substrate
is free to diffuse throughout the domain at all times during the experiment, which is reflected by the following diffusion
equation,

Osa(x, 1) D O%s5(x, 1)
a T A

At the top layer and the electrode, we have the boundary conditions,

SQ(Lv t) = 07
0s5(0, ¢
D1 2éx ) = k3€2 (t)SQ(O, t) - k2cl (t) - k_?’cQ(t)’
together with,
de
d_; = —Jer()s1(2) + (k-1 + ka)er (1),
de
d_t2 = —k3es(1)s2(0,8) + (k_3 + ky)ca(2),
dc
ditl = klel(t)sl(t) - (k—l + k?)cl(t)’
dC2
- kzea(2)s9(0,1) — (k3 + kq)ea(2),
d
d_}; = k4C2(t>

The initial conditions are:
e1(0) =¢€", e(0)=e), s51(0) =159, s2(x,0)=0,

and the conservation laws are:
{ ei(t) +ci(t) = ¢

es(t) + oo(t) = eg.

The system is non-dimensionalised by using the variables below,

) =200 g =g =0,
,_Cl(t) _ ,_CQ(Z‘) ,_J_C 7_£
Cl(t)_ e C?(t)_ e x_l> t_toy
where tg = 1/(k;189); we then obtain the non-dimensional system,
Osy(x, t) Dy 0sy(x, t)

o ksl o (20a)
$3(x,0) =0 (20D)
s2(1,6) =0 (20c)
0s2(0 1

széx, 1) - (52(07 f) (?C — cg(t)> — Kep(8) — ,ucg(t)) (20d)
dcét(’) - 1%@ — (14 0)a() (200)
deat) _ 0 ! 20f

3=, (200.0 (55 @) = ). (201
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with non-dimensional initial conditions,

€1 (0) = #vgv 62(0) = ﬁg? SQ(xa 0) - 07 1 (0) = 0’
and conservation laws,
_ £
el(r) +a(t) = T+¢
1
ex(1) + co(1) = 15
where,
0
A kel ke
ks kK, K,
Au k3S0’ 2 k13 0 = o 9 09 = S0 .

We now carry out a steady-state analysis of system (20). At equilibrium,

sy (x, 1)
——— =0
ot ’
which gives,
62S2 ('x7 t) — 0.
0Ox?

Then by integrating (21) twice, we obtain,
$y(x) = Ax + B,
which gives,

5,(0) = B,

(22)

where s}(z) denotes the equilibrium value of sy(z, t), A and B are constants of integration. Also, from equation (20c),

we obtain A = — B and this condition together with equation (22) yields,
s;(x) = B(l —X),

which gives,

253(0)
— —B.
Ox
From equation (20e), we obtain
= —C
0+ 00+a)
and, from equation (20f), we obtain,
1 >(0
C; — S2< )

14+ s5(0) + 0y

Also, from equations (20d) and (23), we get,

1
—B=n{s50)|———c} | —Ke; — uch |,
2 1+ 1 2

which gives,

(23)

_ Kklnoy

(1+ 0B+ (02(1 +0) +n(oy —p) — 1’1(:11)3

1+01
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Current

i
i
!
1

2 3 4
E (GOX: HRP ratio)

Figure 5. Dependence of current on {. s, = 0.03 (red), 0.09 (blue), 0.2 (black) and 5 (green), k; = 10%, k_; = 107", ky = 10, ks = 10?,
ks =10" ks =10, = 10", 1=2 x 10 " and D, = 6.7 x 10",

Figure 6. Dependence of current on {. ky/ks, = 0.2 (red), 0.5 (blue), 1 (black) and 2 (green), k; = 102, k_y = 107", ky = 10, k3 = 10?,
ks =101 &k =10, ¢ =107, 1=2 x 107 *and D, = 6.7 x 107 °.

from which, B can be easily obtained as a function of {, i.e., B({) (Note that since the above quadratic equation has two
real roots of different signs, we choose the positive root). Thus, the equilibrium value for the current is,

k B
I~ ke = —— &
1+ B() + 09

Figure 5 shows the plot of current (kyc}) on { for various values of sy; if we vary k,/k; instead, we obtain the graphs in
Figure 6.

Summary and comparisons

The work presented here shows the study of a bi-enzyme electrode based on a flow injection analysis, with the aim of
finding the optimal ratio of the two enzymes involved. Three different mathematical models were considered: the “compre-
hensive model” (where we include the diffusion effects of the two substrates: glucose and hydrogen peroxide), the “simplified
model” (which concentrated on the kinetics of the two reactions and no transport was taken into account) and the “inter-
mediate model” (which only considered the diffusion of the substrate hydrogen peroxide). As the simplified model consisted
of a system of ordinary differential equations, we were able to present a detailed analytical study of its solutions (including
an exact formula for the optimal ratio of the two enzymes), unlike in the other two models where the results were mostly
numerical.

The dependence of the biosensor response (i.e., the measured amperometric current) as a function of ¢, the ratio of the
two enzymes, is again plotted in Figure 7, for different values of the glucose concentration and, in Figure 8, for different
values of k;/k». Figures 7a and 8a are plotted based on the experimental data from [1].
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2 3 4 2 3 4
& (GOX: HRP ratio) (<) & (GOX: HRP ratio) (d)

Figure 7. Dependence of current on { for different initial concentrations of s,. Steady-state analysis of (a) and (b) comprehensive
model, (¢) simplified model, and (d) intermediate model.

3 a
kythy ()

Figure 8. Dependence of current on ( for different values of k;/ko. Steady-state analysis of (a) and (b) comprehensive model,
(c) simplified model, and (d) intermediate model.

To facilitate the comparison of the three models, we then plot the optimal { value (the value which maximises the cur-
rent) as a function of the glucose concentration. The four resulting curves are as shown in Figure 9.

We note that the simple model and the intermediate model give identical results for the optimal enzyme ratio for all
values of initial glucose concentration. The values predicted by the comprehensive model are quite different at low glucose
concentrations but, again, identical at high glucose concentrations. Note that, at high glucose concentration, the optimal
enzyme ratio approaches the same value regardless of the model used (This value is {* = 1 in our graph, as a consequence
of choosing k; = ky.). The fact that a given optimal enzyme ratio is achieved at a higher value of glucose concentration in the
comprehensive model is quite obvious, since in that model the glucose is diffusing from a distant place (unlike in the other
two models where sq represents the glucose concentration at the reaction site). Also, at high glucose concentrations, we
expect both enzymes to be saturated with the corresponding substrates (i.e., working at maximum capacity) and so increas-
ing the amount of glucose will not make any difference to the biosensor performance. The three models will give the same
result in this regime as the transport effects only affect the availability of substrates at the reaction site.

Next, we studied the dependence of the optimal enzyme ratio on a different parameter associated with our chemical sys-
tem, namely k,/k, which represents the ratio of the catalytic turnover numbers for the two consecutive reactions. The opti-
mal ratio { was plotted against k;/k for the three models and the resulting graphs are shown in Figure 10. Note that, the
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Optimal ratio

0 5 10 15
Gluxose concentration (mAf) - e

[ @ ® o0 () (@]

Figure 9. Dependence of optimal enzyme ratio on s, (glucose oxidase concentration). (a) Steady-state analysis of intermediate
model, (b) numerical analysis of comprehensive model, (c) steady-state analysis of comprehensive model, and (d) steady-state analysis

of simplified model.

20

Optimal ratio
=)
1
<&

o T T
a 5 10 15

[o @ * (b O (— (@]

Figure 10. Dependence of optimal enzyme ratio on k;/k, ratio. (a) Steady-state analysis of intermediate model, (b) numerical
analysis of comprehensive model, (c) steady-state analysis of comprehensive model, and (d) steady-state analysis of simplified model.

simple model predicts a linear relationship between {* and ky/k», as illustrated by equation (19). The three models seem to
give identical results at low values of ky/ks, but diverge when the second reaction becomes much faster than the first.

In conclusion, parameter regimes which are characterised by high glucose concentrations and low values of ky/ky seem
relatively indifferent to the modelling strategy used and so we would recommend the simple model, which is the easiest to
analyse. For all the other parameter regions, further understanding of the behaviour of the system is required and our results
so far seem to imply that we need to investigate the relationship between diffusion rates and the speeds of the two reactions.
An asymptotic analysis based on these parameters will form the subject of a future study.
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