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Abstract – We consider discrete analogues of pseudo-differential operators and related discrete equations and
boundary value problems. Existence and uniqueness results for special elliptic discrete boundary value problem
and comparison for discrete and continuous solutions are given for certain smooth data in discrete Sobolev–
Slobodetskii spaces.
Keywords: Digital pseudo-differential operator, Discrete boundary value problem, Periodic factorization,
Discrete solution, Error estimate
AMS subject classiﬁcation: Primary: 35S15, Secondary: 65T50

1 Introduction
As a rule the classical pseudo-differential operator in Euclidean space Rm is deﬁned by the formula [1, 2]:
Z
~ nÞeixn ~uðnÞdn;
ðAuÞðxÞ ¼ Aðx;
Rm

where the sign  over a function denotes its Fourier transform,
Z
~uðnÞ ¼
uðxÞeixn dx;
Rm

~ nÞ is called a symbol of a pseudo-differential operator A.
and the function Aðx;
Our main goal here is describing a periodic variant of this deﬁnition and studying its certain properties related to solvability of corresponding equations in canonical domains of an Euclidean space. In this paper the main result is related to a
comparison of discrete and continuous solutions. We try to preserve maximal correspondence for discrete and continuous
cases under digitization, it permits to ﬁnd more appropriate constructions.
This problem is very large and in our opinion it should include the following aspects according to a lot of physical and
technical applications of such operators and related equations:







ﬁnite and inﬁnite discrete Fourier transform as a natural technique for such equations;
choice of appropriate discrete functional spaces;
studying solvability for inﬁnite discrete equations;
studying solvability of approximating ﬁnite discrete equations;
a comparison between continuous and inﬁnite discrete equations;
a comparison between inﬁnite discrete and ﬁnite discrete equations.

This is not completed list of questions for studying which we intend to consider. Some results in this direction were
obtained for simplest pseudo-differential operators (Calderon–Zygmund operators [3, 4]) and corresponding equations. Also
certain results are related to approximate solutions.
There are few variants of the theory of discrete boundary value problems (see, for example [5, 6]), but these theories are
related especially to partial differential operators and do not use the harmonic analysis technique. Since the classical theory
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of pseudo-differential operators is based on the Fourier transform we will use the discrete Fourier transform and discrete
analogue of pseudo-differential operators which will include discrete analogues of partial differential and some integral convolution operators.

2 Discrete spaces and digital operators
2.1 Discrete Sobolev–Slobodetskii spaces
Given function ud of a discrete variable ~x 2 hZm , h > 0, we deﬁne its discrete Fourier transform by the series:
X
ðF d ud ÞðnÞ  ~ud ðnÞ ¼
ei~xn ud ð~xÞ; n 2 hTm ;
~x2Zm

where Tm ¼ ½p; p ; 
h ¼ h 1 , and partial sums are taken over cubes,


QN ¼ ~x 2 hZm : ~x ¼ ð~x1 ;    ; ~xm Þ; max j~xk j  N :
m

1km

We will remind here some deﬁnitions of functional spaces [7] and will consider discrete analogue of the Schwartz space
m
P
2
SðhZm Þ. Let us denote f2 ¼ h2
ðeihnk  1Þ and introduce the following.
k¼1

Definition 1. The space H s ðhZ m Þ is a closure of the space SðhZ m Þ with respect to the norm,
0
112
Z
s
2
jjud jjs ¼ @
ð1 þ jf2 jÞ j~ud ðnÞj dnA :

ð1Þ

hTm


~ s ðhTm Þ.
Fourier image of the space H s ðhZm Þ will be denoted by H
2.2 Digital pseudo-differential operators
One can deﬁne some discrete operators for such functions ud.
If A~d ðnÞ is a periodic function in Rm with the basic cube of periods hTm then we consider it as a symbol. We will introduce
a digital pseudo-differential operator in the following way.
Definition 2. A digital pseudo-differential operator Ad in a discrete domain Dd is called the operator [7],
X Z
~ d ðnÞeið~x~y Þn ~ud ðnÞdn; ~x 2 Dd :
ðAd ud Þð~xÞ ¼
A
m
~
Y2hZ

hTm


We use the class Ea ; a 2 R; [7] with the following condition:

 a
a
c1 ð1 þ jf2 jÞ2  jAd ðnÞj  c2 ð1 þ f2 Þ2 ;

ð2Þ

and universal positive constants c1, c2.
Let D Rm be a domain. We will study the equation:
ðAd ud Þð~xÞ ¼ vd ð~xÞ;

~x 2 Dd ;

ð3Þ

in the discrete domain Dd  D \ hZm and will seek a solution ud 2 Hs (Dd), v d 2 H sa
0 ðD d Þ [7–9].
Earlier some canonical domains [8–16] were considered but in this paper we will discuss the cases Rm ; Rmþ .

3 Solvability and digital-periodic projectors
3.1 Periodic factorization
This case Rmþ is very different from Rm , and an ellipticity condition is not sufﬁcient for a solvability. A principal role for
the solvability takes a concept of the periodic factorization which is deﬁned for an elliptic symbol.
To describe a solvability picture for equation (3) we introduce the following notations. Let us denote
P ¼ fðn0 ; nm isÞ; nm is 2 C; s > 0g; n ¼ ðn0 ; nm Þ 2 Tm .
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We will use a special periodic factorization of an elliptic symbol Ad ðnÞ 2 Ea :
Ad ðnÞ ¼ Ad;

þ ðnÞAd;

 ðnÞ;

where the factors Ad; ðnÞ have some analytical properties in half-strips h P and satisfy certain estimates [7, 8].
The special index æ of periodic factorization determines the solvability for equation (3), and for special cases we will
describe obtained results [7, 8]. These cases are distinct. So, if |æ  s| < 1/2 then we have the unique solution:
per ~1
f
~
ud ðnÞ ¼ A~1
d;þ ðnÞP n0 ðAd; ðnÞ ‘vd ðnÞÞ;



ð4Þ

0
1
Zhp 


0
1
h
h
ð
n

g
Þ
m
m
v:p:
dgmA;
P per
ud ð nÞ  @ ~
u~d n ; gm cot
ud ðnÞ þ
0 ~
n
2
2pi
2

hp

for equation (3). But if   s ¼ n þ d; n 2 N; jdj < 1=2 then there are a lot of solutions,
per
1
f
~1
~1
~
ud ðnÞ ¼ A~1
d;þ ðnÞX n ðnÞP n0 ðX n ðnÞAd; ðnÞ ‘vd ðnÞÞ þ Ad;þ ðnÞ

n1
X

~ck ðn0 Þ^fkm ;

k¼0

where X n ðnÞ is an arbitrary polynomial of order n of variables ^fk ¼ h ðeihnk  1Þ; k ¼ 1; . . . ; m, satisfying the condition
~ sk ðh Tm1 Þ; sk ¼ s   þ k  1=2.
(2), ~ck ðn0 Þ; j ¼ 0; 1; . . . ; n  1; are arbitrary functions from H
3.2 Approximation schemes
We will consider the pseudo-differential equation:
ðAuÞðxÞ ¼ vðxÞ;

x 2 D;

ð5Þ

and suggest for its solution some computational schemes.
We assume that the symbol AðnÞ of the operator A satisﬁes the condition:
c1 ð1 þ jnjÞa  jAðnÞj  c2 ð1 þ jnjÞa ;

ð6Þ

and it is well-known such a symbol admits factorization,
 0
  0

Að n Þ ¼ Aþ n ; n m A n ; n m ;
with respect to the last variable nm with the index æ [1].
Since we know solvability conditions for pseudo-differential equations in Rm and Rmþ [1] we will select such discrete
pseudo-differential operators which reserve all needed properties of their continuous analogues.
3.2.1 Equations in a whole space
Let Ph be a restriction operator on hZm , i.e. for u 2 SðRm Þ

uð~xÞ; x ¼ ~x 2 hZm ;
ðP h uÞðxÞ ¼
0;
x 62 hZm :
We tried this projector for simplest pseudo-differential operators, namely Calderon–Zygmund operators, these operators
can be treated as pseudo-differential operators of order 0, and we obtained very acceptable results [3, 10–12]. But now we
will use another restriction operator.
A construction for the restriction operator Qh for functions u 2 SðRm Þ is the following. We take the Fourier transform
~
uðnÞ, then its restriction on 
hTm and periodically continue it onto a whole Rm . Further we apply the inverse discrete Fourier
1
transform F d and obtain a discrete function which is denoted by ðQh uÞð~xÞ; ~x 2 hZm . In our opinion the projector Qh is
more convenient than Ph although the projectors Ph and Qh are almost the same according to the following result.
Lemma 1. For u 2 SðRm Þ; 8b > 0; we have,
jðP h uÞð~xÞ  ðQh uÞð~xÞj  Chb ;
where the constant C depends on u only.

8~x 2 hZm ;
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Further, the symbol Ad ðnÞ will be deﬁned in the following way. We take a restriction of AðnÞ on the cube hTm and periodically extend it onto a whole Rm . We consider such h-operator as an approximate operator for A. So, to ﬁnd a discrete
solution for equation (3) for D ¼ Rm we can use the following discrete equation:
Ad ud ¼ Qh v:
Its solution is given by the formula,
1
ud ð~xÞ ¼
ð2pÞm

Z

ð7Þ

ei~xn A1 ðnÞ~vðnÞdn;

~x 2 hZm ;

hTm


so that we do not need to ﬁnd an approximate solution for an inﬁnite system of linear algebraic equations like [3, 10]. For
our case we need to apply any kind of cubature formulas for calculating the latter integral and a cubature formula for
calculating the Fourier transform ~
v ðnÞ.
According to Lemma 1 one can compare discrete and continuous solutions for enough smooth right-hand sides and
symbols.
Theorem 1. If the symbol AðnÞ satisﬁes the condition and is inﬁnitely differentiable on Rm , u is a solution of the equation
(4), ud is a solution of the equation (5) then for v 2 SðRm Þ we have the following error estimate:
juð~xÞ  ud ð~xÞj  Chb ;

8~x 2 hZm ;

for arbitrary b > 0.
Proofs for Lemma 1 and Theorem 1 are given in [17].
3.2.2 Equations in a half-space
If we put strong enough restrictions on a right-hand side and factorization elements then one can give a comparison
between discrete and continuous solutions.
Lemma 2. If u 2 SðRm Þ then the following estimate:




 1 0

per g
xÞ  Chb ;
u ð~xÞ  F 1
 F Pn ~
d P n0 Qh uÞð~

~x 2 hZmþ ;

holds for 8b > 0, and the constant C depends on u only.
Starting from Lemma 2 and the Theorem 1 we are able to compare discrete and continuous solutions in a half-space.
Below we give this comparison under such conditions when a unique solution exists.
To formulate the following theorem we will describe how we need to choose a right-hand side for solving equation (3).
We have the following solution of equation (5):
1
e
0
~
uðnÞ ¼ A1
þ ðnÞP n A ðnÞ ‘vðnÞ;

where P n0 ¼ 12 ðI þ H n0 Þ is a projector deﬁned by the classical Hilbert transform with respect to a variable nm [1],
1
ðH n0 ~
uÞðnÞ ¼ v:p:
pi

Zþ1
1

~uðn0 ; gm Þdgm
;
nm  gm

m
‘v is a continuation of v from Rm
þ into R in corresponding functional space. Since the right-hand side in equation (5) is
m
deﬁned in hZþ then we choose Q h ð‘vÞ instead of ‘v d to obtain the required estimate.

Theorem 2. If the symbol AðnÞ satisﬁes the condition (6) and is inﬁnitely differentiable in Rm with the factors A ðnÞ, u is a
solution of the equation (5), ud is a solution of the equation (3) then for v 2 SðRm Þ we have the following error estimate:
juð~xÞ  ud ð~xÞj  Chb ;
for arbitrary b > 0.
One can ﬁnd proofs for Lemma 2 and Theorem 2 in [17].

8~x 2 hZmþ ;
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3.3 Non-trivial case
We have non-uniqueness of a solution for equation (3) for the case   s ¼ n þ d; n 2 N; jdj < 1=2. We consider here the
case n = 1.
To obtain the unique solution one needs some additional conditions. Discrete analogues of Dirichlet or Neumann conditions give a very simple case. We will consider here the discrete Dirichlet condition:
ud j~xm ¼0 ¼ gd ðx~0 Þ;

ð8Þ

where g d is a given function of a discrete variable in the discrete hyper-plane hZm1.
The condition (8) in Fourier images takes the form:
Zhp

~ud ðn0 ; nm Þdnm ¼ g~d ðn0 Þ;

hp

and according to the previous theorem we obtain the following integral equation with respect to the unknown ~c0 ðn0 Þ,
Zhp

 0
 0

 
~ 0
~c0 n A1
d;þ n ; nm dnm ¼ f d n ;


hp

where we have used the following notation,
f~ d ðn0 Þ ¼ g~d ðn0 Þ 

Zhp

per
0
0
1 1 f
A1
d;þ ðn ; nm ÞX 1 ðn ; nm ÞP n0 ðX 1 Ad; ‘vd ÞðnÞdnm ;


hp

where X 1 ðnÞ is a polynomial of order 1 of variables ^fk ¼ h ðeihnk  1Þ, k = 1,. . ., m from the class E1.
Let us denote,
Zhp

0
0
A1
d;þ ðn ; nm Þdnm  bd ðn Þ;

hp

and assuming that bd ðn0 Þ 6¼ 0 we will ﬁnd,
0 ~
0
~c0 ðn0 Þ ¼ b1
d ðn Þfd ðn Þ:

Then the solution of the problem (3), (8) is the following,
0
0
1 0 ~
1
f
~ 1 ðnÞX 1 ðnÞP per
~ 1
~
ud ðnÞ ¼ A
ðX 1
ud ðnÞ ¼ ~
d;þ
1 ðnÞAd; ðnÞ ‘vd ðnÞÞ þ bd ðn Þf d ðn ÞAd;þ ðn ; nm Þ:
n0

Thus, we obtain the following result.
Theorem 3. Discrete boundary value problem (3), (8) is uniquely solvable in the space H s ðhZmþ Þ for arbitrary right-hand
m
s1=2
ðhZm1 Þ.
side vd 2 H sa
0 ðhZþ Þ and arbitrary boundary function g d 2 H
If the right-hand side is zero, i.e. vd  0, then the formula for the solution is very simpliﬁed and looks as follows:
0
0
~
ud ðnÞ ¼ b1
gd ðn0 ÞA1
d ðn Þ~
d;þ ðn ; nm Þ;

and after inverse discrete Fourier transform it will be the following,
X
ud ðx~0 ; ~xm Þ ¼
Gd ð~x0  ~y 0 ; ~xm Þgd ð~y 0 Þhm1 ;
~y 0 2hZm1

where the function G d ð~
x Þ of a discrete variable is deﬁned as inverse discrete Fourier transform of the function,
0
0
1
b1
d ðn ÞAd;þ ðn ; nm Þ:

The formula (9) is a discrete analogue of Poisson formula for the Dirichlet problem in a half-space.

ð9Þ
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4 Comparison
To obtain some comparison between discrete and continuous solutions we will remind how the continuous solution looks.
The continuous analogue of the discrete boundary value problem is the following:
ðAuÞðxÞ ¼ 0;

uðx0 ; 0Þ ¼ gðx0 Þ;

x 2 Rmþ ;

ð10Þ

x0 2 Rm1 :

ð11Þ

If the index of factorization equals to æ and æs = 1 + d, |d| < 1/2 then the unique solution for the problem (10), (11) is
constructed by the similar formula:
0
~
gðn0 ÞA1
uðnÞ ¼ b1 ðn0 Þ~
þ ðn ; nm Þ;

where,
bðn0 Þ ¼

Zþ1

0
A1
þ ðn ; nm Þdnm ;

1

assuming that bðn0 Þ 6¼ 0; 8n0 2 Rm1 . Let us note that this is simplest variant of Shapiro–Lopatinskii condition [1].
We have the following discrete solution:
0
0
~
ud ðnÞ ¼ b1
gd ðn0 ÞA1
d ðn Þ~
d;þ ðn ; nm Þ;

in which we choose special approximations. We take g d ¼ Q h g and Ad; ðn0 ; nm Þ we take as restrictions of A ðn0 ; nm Þ on
h Tm . Then the periodic symbol,

 0

 0

Ad ðnÞ ¼ Ad;þ n ; nm Ad; n ; nm ;
satisﬁes all conditions of periodic factorization with the same index æ. Moreover, ~g d ðn0 Þ and Ad;þ ðn0 ; nm Þ coincide with
~g ðn0 Þ and Aþ ðn0 ; nm Þ respectively on 
h Tm .
Theorem 4. Let æ > 1. If g~ðnÞ is a bounded function then a comparison between solutions of problems (3), (8) and (10),
(11) is given in the following way,
j~
uðnÞ  ~ud ðnÞj  Ch1 ; n 2 hTm :
Proof. For this case we have exact formulas for both continuous and discrete solutions. We will estimate the difference,
~
uðnÞ  ~ud ðnÞ; n 2 hTm :
we have,

 0  0  0

 0  0
 0

0
0
1
1
~
~
n
;
n
n
n
n
;
n
gd ðn0 ÞA1

b
g
A
¼ ðb1 ðn0 Þ  b1
uð nÞ  ~
ud ðnÞ ¼ b1 n g~ n A1
d
m
m
d
d ðn ÞÞ~
þ
d;þ
d;þ ðn ; nm Þ;

n2
hTm ;

0
so that we need to estimate b1 ðn0 Þ  b1
d ðn Þ. Since,
  0
 0 
  0
  0
 0  b n  bd n 
 0 
 1











n

C
b
n
¼

b
b n  b1


d n ;
d
 b n0   bd n0 

because infjbðn0 Þj c3 ; inf jbd ðn0 Þj c4 then we will estimate the latter difference. Simplest considerations lead to the
following estimate,
 0 hp

 þ1
1
  Z

Z
Zhp
Zþ1




0
0
1
1 0



@
A
¼
jbðn0 Þ  bd ðn0 Þj ¼ 
A
A1
ðn
;
n
Þdn

A
ðn
;
n
Þdn
þ
ðn
;
n
Þdn
m
m
m
m
m
m :
þ
d;þ
þ

 


1


hp

1

hp
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We will estimate one integral only, the second one is almost the same,
Zþ1

0
jA1
þ ðn ; nm Þjdnm  c5

hp


Zþ1
hp


ð1 þ jn0 j þ jnm jÞ



dnm ¼

c5
1
ð1 þ jn0 j þ hpÞ
 c6 h1 :
1

Therefore if g~ðn0 Þ is a bounded function we have the required estimate.

Conclusion
This paper is one of ﬁrst steps for studying discrete boundary value problems and their connections with classical theory
of boundary value problems for elliptic pseudo-differential equations. We intend to study more general situations in forthcoming papers and to obtain approximation estimates for comparison of discrete and continuous solutions.
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