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Abstract – The system of two-sided quaternion matrix equations with g-Hermicity, A1XAg�
1 ¼ C1,

A2XAg�
2 ¼ C2 is considered in the paper. Using noncommutative row-column determinants previously intro-

duced by the author, determinantal representations (analogs of Cramer’s rule) of a general solution to the sys-
tem are obtained. As special cases, Cramer’s rules for an g-Hermitian solution when C1 ¼ Cg�

1 and C2 ¼ Cg�
2

and for an g-skew-Hermitian solution when C1 ¼ �Cg�
1 and C2 ¼ �Cg�

2 are also explored.
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Introduction

In the whole article, the notation R is reserved for the real number field andHm�n stands for the set of allm � nmatrices
over the quaternion skew field

H ¼ h0 þ h1iþ h2jþ h3kji2 ¼ j2 ¼ k2 ¼ ijk ¼ �1; h0; h1; h2; h3 2 R
� �

:

Hm�n
r specifies its subset of matrices with a rank r. For given h ¼ h0 þ h1iþ h2jþ h3k 2 H, the conjugate of h is

h ¼ a0 � h1i� h2j� h3k. For given A 2 Hn�m, A* represents the conjugate transpose (Hermitian adjoint) matrix of
A. The matrix A 2 Hn�n is Hermitian if A* = A. Ay means the Moore–Penrose inverse of A 2 Hn�m, i.e. the exclusive
matrix X satisfying the following four equations

ð1ÞAXA ¼ A; ð2ÞXAX ¼ X; ð3Þ ðAXÞ� ¼ AX; ð4Þ ðXAÞ� ¼ XA:

Quaternions have ample use in diverse areas such, such as color imaging and computer science [1–5], fluid mechanics
[6, 7], quantum mechanics [8, 9], the attitude orientation and spatial rigid body dynamics [10–12], signal processing
[13–15], etc.

The research of matrix equations have both applied and theoretical importance. Many authors explored the system of
two-sided matrix equations

A1XB1 ¼ C1;

A2XB2 ¼ C2:

(
ð1Þ

over the field of complex numbers, the quaternion skew field, etc. (see, e.g. [16–21]). In this paper, the following system of
quaternion matrix equations with g-Hermicity are considered,

A1XAg�
1 ¼ C1;

A2XAg�
2 ¼ C2:

(
ð2Þ
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Definition 1.1. [22–24] A matrix A 2 Hn�n is known to be g-Hermitian and g-skew-Hermitian if A ¼ Ag� ¼ �gA�g and
A ¼ �Ag� ¼ gA�g, respectively, where g 2 fi; j;kg.

Convergence analysis in statistical signal processing and linear modeling [14, 15, 23] are some fields in which the appli-
cations of g-Hermitian matrices matrices can be viewed. The singular value decomposition of the g-Hermitian matrix was
examined in [22]. Very recently, Liu [25] determined g-skew-Hermitian solutions to some classical matrix equations and,
among them, the generalized Sylvester-type matrix equation:

AXAg� þBYBg� ¼ C: ð3Þ
Note that in [25], the term “g-anti-Hermitian” has been used instead “g-skew-Hermitian”. He and Wang [26] gave the
general solution of

AXþ ðAXÞg� þBYBg� þCZCg� ¼ D;

bearing g-Hermicity over H by expressing it’s general g-Hermitian solution in terms of the Moore–Penrose inverses. An
iterative algorithm for determining g (-skew)-Hermitian least-squares solutions to the quaternion matrix equation (3)
was established in [27]. For more related papers on g-Hermicity and its generalization, /-Hermicity, one may refer to
[28–38].

In this paper, we construct novel explicit determinantal representation formulas (an analog of Cramer’s rule) of the gen-
eral and g-(skew-)Hermitian solutions to the system (2), by using determinantal representations of the Moore–Penrose
matrix that was obtained within in the framework of the theory of row-column noncommutative determinants. According
to our best of knowledge, our Cramer’s rule proposed is a unique direct method to compute the g-(skew-)Hermitian solutions
to quaternion matrix equations unlike other similar works (see, e.g. [24–26, 29, 32]), where obtained explicit forms of solu-
tions have mostly only theoretical significance.

In contrast to the inverse matrix that has a definitely determinantal representation in terms of cofactors, for generalized
inverse matrices, in particular, Moore–Penrose matrices, there exist different determinantal representations even for matri-
ces with real or complex entries as a result of the search of their more applicable explicit expressions (for the Moore–Penrose
matrix, see, e.g., [39–41]). For quaternion matrices, in view of the noncommutativity of quaternions, the problem of the
determinantal representation of generalized inverse matrices remained open for a long time and only now can be solved
due to the theory of row-column determinants which were introduced in [42, 43].

Currently, applying of row-column determinants to determinantal representations of various generalized inverses have
been derived by the author (see, e.g. [44–57]) and other researchers (see, e.g. [58–61]). In particular, determinantal repre-
sentations of systems like to (1) have been recently explored in [53, 55, 56, 61].

The remainder of the paper is directed as follows. In Section 2, we start with preliminaries in general properties gener-
alized inverses, projectors, and g-matrices in Section 2.1, and in the theory of row-column determinants and determinantal
representations of the Moore–Penrose inverses of a quaternion matrix, its Hermitian adjoint and g-Hermitian adjoint matri-
ces in Section 2.2. Determinantal representations of a general, g-Hermitian and g-skew-Hermitian solutions to the system (2)
are derived in Section 3. Finally, the conclusion is drawn in Section 4.

Preliminaries: Determinantal representations of solutions to quaternion matrix equations
General properties generalized inverses, projectors, and g-matrices

We begin with some famous results on generalized inverses and projectors inducted by them which will be used in the
remaining part of this paper.

Lemma 2.1. [26] Let A 2 Hm�n. Then

(1) ðAgÞy ¼ ðAyÞg; ðAg�Þy ¼ ðAyÞg�:
(2) rankA ¼ rankAg� ¼ rankAg ¼ rankAgAg� ¼ rankðAg�AgÞ:
(3) ðAyAÞg� ¼ Ag�ðAyÞg� ¼ ðAyAÞg ¼ ðAyÞgAg:

(4) ðAAyÞg� ¼ ðAyÞg�Ag� ¼ ðAAyÞg ¼ AgðAyÞg:
(5) Lg�

A ¼ �gðLAÞg ¼ Lg
A ¼ LAg ¼ RAg� :

(6) Rg�
A ¼ �gðRAÞg ¼ Rg

A ¼ LAg� ¼ RAg :
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Lemma 2.2. [72] Let A, B and C be given matrices with right sizes over H. Then

(1) Ay ¼ ðA�AÞyA� ¼ A�ðAA�Þy:
(2) LA ¼ L2

A ¼ L�
A;RA ¼ R2

A ¼ R�
A:

(3) LAðBLAÞy ¼ ðBLAÞy; ðRACÞyRA ¼ ðRACÞy:

Remark 2.1. For any gl 2 fi; j;kg for all l = 1, 2, 3, and q = q0 + q1g1 + q2g2 + q3g3, we denote

qg1 :¼ �g1qg1 ¼ q0 þ q1g1 � q2g2 � q3g3;

q�g1 :¼ g1qg1 ¼ �q0 � q1g1 þ q2g2 þ q3g3:

So, elements of the main diagonal of an g1-Hermitian matrix A ¼ Ag1� ¼ ag1�ij

� �
should be as follows

ag1�ii ¼ a0 þ a2g2 þ a3g3;

and a pair of elements which are symmetric with respect to the main diagonal can be represented as

ag1�ij ¼ a0 þ a1g1 þ a2g2 þ a3g3;

ag1�ji ¼ a0 � a1g1 þ a2g2 þ a3g3:

Similarly, elements of the main diagonal of an g1-skew-Hermitian matrix A ¼ �Ag1� ¼ a�g1�
ij

� �
should be as follows

a�g1�
ii ¼ a1g1;

and a pair of elements which are symmetric with respect to the main diagonal can be represented as

a�g1�
ij ¼ a0 þ a1g1 þ a2g2 þ a3g3;

a�g1�
ji ¼ �a0 þ a1g1 � a2g2 � a3g3:

where al 2 R for all l = 0,. . ., 3.

Determinantal representations of generalized inverses and of solutions to some quaternion matrix equations

Through the non-commutativity of the quaternion skew field, determining of the determinant with noncommutative
entries (it is also called a noncommutative determinant) is not so trivial (see, e.g. [62, 63]). There are several versions of
the definition of noncommutative determinants (see, e.g., [64–69]). But, it is proved in [70], if all functional properties of
determinant over a ring are satisfied, then it takes on a value in its commutative subset only. In particular, it means that
such determinant can not be expanded by cofactors along an arbitrary row or column. To avoid these difficulties, for
A 2 Hn�n, we define n row determinants and n column determinants which are not owning of all functional properties that
could be inherent to the usual determinant.

Suppose Sn is the symmetric group on the set In ¼ f1; . . . ; ng.

Definition 2.2. [42] The ith row determinant of A ¼ ðaijÞ 2 Hn�n is called by setting for all i = 1, . . ., n,

rdetiA ¼ P
r2Sn

�1ð Þn�rðaiik1aik1 ik1þ1 . . . aik1þl1 i
Þ . . . ðaikr ikrþ1 . . . aikrþlr ikr Þ;

r ¼ iik1 ik1þ1 . . . ik1þl1ð Þ ik2 ik2þ1 . . . ik2þl2ð Þ . . . ikr ikrþ1 . . . ikrþlrð Þ;
where r is the left-ordered permutation. It means that its first cycle from the left starts with i, other cycles start from the
left with the minimal of all the integers which are contained in it,

ikt < iktþs for all t ¼ 2; . . . ; r; s ¼ 1; . . . ; lt;

and the order of disjoint cycles (except for the first one) is strictly conditioned by increase from left to right of their first
elements, ik2 < ik3 < � � � < ikr .

Definition 2.3. [42] The jth column determinant of A ¼ ðaijÞ 2 Hn�n is called by setting for all j = 1, . . ., n,

cdetjA ¼ P
s2Sn

ð�1Þn�rðajkr jkrþlr
. . . ajkrþ1jkr

Þ . . . ðajjk1þl1
. . . ajk1þ1jk1

ajk1 jÞ;

s ¼ jkrþlr . . . jkrþ1jkr
� �

. . . jk2þl2 . . . jk2þ1jk2
� �

jk1þl1 . . . jk1þ1jk1j
� �

;
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where s is the right-ordered permutation. It means that its first cycle from the right starts with j, other cycles start from
the right with the minimal of all the integers which are contained in it,

jkt < jktþs for all t ¼ 2; . . . ; r; s ¼ 1; . . . ; lt;

and the order of disjoint cycles (except for the first one) is strictly conditioned by increase from right to left of their first
elements, jk2 < jk3 < � � � < jkr .

Remark 2.4. So, for a 2�2-matrix with quaternion settingsA ¼ a11 a12
a21 a22

� �
, we have the four (row-column) determinants

rdet1A ¼ a11a22 � a12a21; rdet2A ¼ a22a11 � a21a12;

cdet1A ¼ a22a11 � a12a21; cdet2A ¼ a11a22 � a21a12:

Since aij 2 H for all i, j = 1, 2, they are not equal to each others, in general.
We state some properties of row-column determinants needed below.

Lemma 2.3. [42] If the ith row of A 2 Hn�n is a left linear combination of other row vectors, i.e. ai: ¼ a1b1 þ � � � þ akbk,
where al 2 H and bl 2 H1�n for all l = 1,. . ., k and i = 1,. . ., n, then

rdeti Ai: a1b1 þ � � � þ akbkð Þ ¼
X
l

alrdeti Ai: blð Þ:

Lemma 2.4. [42] If the jth column of A 2 Hm�n is a right linear combination of other column vectors, i.e.
a:j ¼ b1a1 þ � � � þ bkak, where al 2 H and bl 2 Hn�1 for all l = 1,. . ., k and j = 1,. . ., n, then

cdetj A:j b1a1 þ � � � þ bkakð Þ ¼
X
l

cdetj A:j blð Þal:

Lemma 2.5. [43] Let A 2 Hn�n. Then cdeti A� ¼ rdeti A, rdeti A� ¼ cdeti A for all i = 1,. . ., n.
Since by Definitions 2.2 and 2.3 for A 2 Hn�n

rdeti Ag ¼ rdeti ð�gAgÞ ¼ �gðrdeti AÞg;
cdeti Ag ¼ cdeti ð�gAgÞ ¼ �gðcdeti AÞg;

rdeti ð�AgÞ ¼ rdeti ðgAgÞ ¼ ð�1Þn�1gðrdeti AÞg;
cdeti ð�AgÞ ¼ cdeti ðgAgÞ ¼ ð�1Þn�1g cdeti Að Þg;

for all i = 1, . . ., n, then, due to Lemma 2.5, the next lemma follows immediately.

Lemma 2.6. Let A 2 Hn�n. Then

rdeti Ag� ¼ �gðcdeti AÞg; cdeti Ag� ¼ �gðrdeti AÞg;
rdeti ð�Ag�Þ ¼ ð�1Þn�1gðcdeti AÞg; cdeti ð�Ag�Þ ¼ ð�1Þn�1gðrdeti AÞg;

for all i = 1, . . ., n.

Remark 2.5. Since [42] for Hermitian A we have

rdet1A ¼ � � � ¼ rdetnA ¼ cdet1A ¼ � � � ¼ cdetnA 2 R;

the determinant of a Hermitian matrix is called by setting detA :¼ rdeti A ¼ cdeti A for any i = 1, . . ., n.
Its properties have been completely studied in [43]. In particular, from them it follows the definition of the determinantal

rank of a quaternion matrix A as the largest possible size of nonzero principal minors of its corresponding Hermitian matri-
ces, i.e. rankA ¼ rankðA�AÞ ¼ rankðAA�Þ.

For determinantal representations of the Moore–Penrose inverse, we use the following notations. Let
a :¼ a1; . . . ; akf g � 1; . . . ;mf g and b :¼ b1; . . . ; bkf g � 1; . . . ; nf g be subsets with 1 � k � min m; nf g. ByAa

b denote a sub-
matrix of A 2 Hm�n with rows and columns indexed by a and b, respectively. Then, Aa

a is a principal submatrix of A with
rows and columns indexed by a. Moreover, for Hermitian A, jAjaa is the principal minor of det A. Suppose that,

Lk;n :¼ a : a ¼ a1; . . . ; akð Þ; 1 � a1 < � � � < ak � nf g;
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stands for the collection of strictly increasing sequences of 1 � k � n integers chosen from 1; . . . ; nf g. For fixed i 2 a and
j 2 b, put I r;m if g :¼ a : a 2 Lr;m; i 2 af g, Jr;n jf g :¼ b : b 2 Lr;n; j 2 bf g.

By a: j and a�
:j, ai: and a�

i: denote the jth columns and the ith rows of A and A*, respectively. Suppose Ai: bð Þ and A:j

cð Þ stand for the matrices obtained from A by replacing its ith row with the row b and its jth column with the column c,
respectively.

Theorem 2.6. [44] If A 2 Hm�n
r , then its Moore–Penrose inverse Ay ¼ ayij

� � 2 Hn�m is determined as follows

ayij ¼

¼
P

b2Jr;n if g
cdeti A�Að Þ:i a�:jð Þð Þb

bP
b2Jr;n

A�Aj jb
b

ð4Þ

¼

P
a2Ir;m jf g

rdetj ðAA�Þj:ða�
i:Þ

� 	a
aP

a2Ir;m
AA�j jaa

: ð5Þ

Remark 2.7. For an arbitrary full-rank matrix A 2 Hm�n
r , a row-vector b 2 H1�m, and a column-vector c 2 Hn�1,

we assume that for all i = 1, . . ., m, j = 1, . . ., n,

� if rank A ¼ n, then in (4)

cdetj A�Að Þ:j cð Þ
� 	

¼ P
b2Jn;n jf g

cdetj A�Að Þ:j cð Þ
� 	b

b
;

det A�Að Þ ¼ P
b2Jn;n

A�Aj jbb;

� if rank A ¼ m, then in (5)

rdeti ðAA�Þi: bð Þ� � ¼ P
a2Im;m if g

rdeti ðAA�Þi: bð Þ� �a
a
;

det AA�ð Þ ¼ P
a2Im;m

AA�j jaa:

Corollary 2.1. If A 2 Hm�n
r , then the Moore–Penrose inverse Agð Þy ¼ agyij

� � 2 Hn�m have the following determinantal
representations:

agyij ¼ �g

P
b2Jr;n if g

cdeti A�Að Þ:i a�
:j

� 	� 	b
bP

b2J r;n
A�Aj jbb

g ¼ �g

P
a2Ir;m jf g

rdetj ðAA�Þj:ða�
i:Þ

� 	a
aP

a2Ir;m
AA�j jaa

g:

Remark 2.8. Since ðA�Þy ¼ ðAyÞ�, then we can use the denotationAy;� :¼ ðA�Þy. By Lemma 2.5, for the Hermitian adjoint
matrix A� 2 Hn�m

r , its Moore–Penrose inverse ðA�Þy ¼ ða�ijÞy
� 	

2 Hm�n can be expressed as

ða�ijÞy ¼ ðajiÞy ¼

P
a2Ir;n jf g

rdetj A�Að Þj: ai :ð Þ
� 	a

aP
b2Ir;n

A�Aj jaa
¼

P
b2Jr;m if g

cdeti ðAA�Þ:iða:jÞ
� �b

bP
b2Jr;m

AA�j jbb
:
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Remark 2.9. Suppose A 2 Hn�m
r . By Lemma 2.6 and Remark 2.8, for the g-Hermitian adjoint matrix Ag� ¼ ðag�ij Þ and g-

skew-Hermitian adjoint matrix �Ag� ¼ ða�g�
ij Þ, determinantal representations of their Moore–Penrose inverses

ðAg�Þy ¼ ðag�ij Þy
� 	

2 Hm�n and ð�Ag�Þy ¼ ða�g�
ij Þy

� 	
are respectively

ðag�ij Þy ¼ �gðajiÞyg ¼¼ �g

P
a2Ir;n jf g

rdetj A�Að Þj: ai :ð Þ
� 	a

aP
b2Ir;n

A�Aj jaa
g ð6Þ

¼ �g

P
b2Jr;m if g

cdeti ðAA�Þ:iða:jÞ
� �b

bP
b2Jr;m

AA�j jbb
g; ð7Þ

ða�g�
ij Þy ¼ gðajiÞyg ¼

g

P
a2Ir;n jf g

rdetj A�Að Þj: ai :ð Þ
� 	a

aP
b2Ir;n

A�Aj jaa
g ¼ g

P
b2Jr;m if g

cdeti ðAA�Þ:iða:jÞ
� �b

bP
b2Jr;m

AA�j jbb
g:

Since the projection matrices AyA ¼: QA ¼ qij
� �

and AAy ¼: PA ¼ pij
� �

are Hermitian, then qij ¼ qji and pij ¼ pji for
all i 6¼ j. From Theorem 2.6 and Remark 2.8, it follows evidently the corollaries.

Corollary 2.2. IfA 2 Hm�n
r ; then its inducted projection matricesQA ¼ qij

� �
n�n

and PA ¼ pij
� �

m�m
are determined as follows

qij ¼

P
b2Jr;n if g

cdeti A�Að Þ:i _a:j

� �� �b
bP

b2Jr;n
A�Aj jbb

¼

P
a2Ir;n jf g

rdetj A�Að Þj: _ai:ð Þ
� 	a

aP
a2Ir;n

A�Aj jaa
; ð8Þ

pij ¼

P
a2Ir;m jf g

rdetj ðAA�Þj:ð€ai:Þ
� 	a

aP
a2Ir;m

AA�j jaa
¼

P
b2Jr;m if g

cdeti ðAA�Þ:ið€a:jÞ
� �b

bP
a2Jr;m

AA�j jbb
; ð9Þ

where _a:j and €ai:, _ai: and €a:j are the jth columns and ith rows of A�A 2 Hn�n and AA� 2 Hm�m, respectively.

Cramer’s rule for the system (2)

The next lemma gives the explicit matrix form of a general solution to the system (1).

Lemma 3.1. [21] Suppose that A1 2 Hm�n, B1 2 Hr�s, C1 2 Hm�s, A2 2 Hk�n, B2 2 Hr�p, C2 2 Hk�p are known
and X 2 Hn�r is unknown. Put H ¼ A2LA1 , N ¼ RB1B2, T ¼ RHA2, F ¼ B2LN . Then the system (1) is consistent if
and only if

AiAy
iCiB

y
iBi ¼ Ci; i ¼ 1; 2; T Ay

2XBy
2 �Ay

1C1B
y
1


 �
F ¼ 0:

In that case, the general solution of (1) can be expressed as

X ¼ Ay
1C1B

y
1 þ LA1H

yA2LT Ay
2C2B

y
2 �Ay

1C1B
y
1

� �
B2B

y
2 þTyT Ay

2C2B
y
2 �Ay

1C1B
y
1

� �
B2NyRB1

þ LA1 Z�HyHZB2B
y
2

� �� LA1H
yA2LTWNBy

2 þ W�TyTWNNy� �
RB1 ð10Þ

where Z and W are arbitrary matrices over H with appropriate sizes.
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Some simplification of (10) can be derived due to Lemma 2.2. So, we have,

LA1H
y ¼ LA1ðA2LA1Þy ¼ ðA2LA1Þy ¼ Hy;

NyRB1 ¼ RB1B2ð ÞyRB1 ¼ RB1B2ð Þy ¼ Ny;

TyT ¼ RHA2ð ÞyRHA2 ¼ RHA2ð ÞyA2 ¼ TyA2;

LT ¼ I�TyT ¼ I�TyA2:

ð11Þ

Substituting (11) in (10), we get

X ¼ Ay
1C1B

y
1 þHyA2 I�TyA2

� �
Ay

2C2B
y
2 �Ay

1C1B
y
1

� �
B2B

y
2

þTyA2 Ay
2C2B

y
2 �Ay

1C1B
y
1

� �
B2Ny þ LA1 Z�HyHZB2B

y
2

� �
�HyA2LTWNBy

2 þ W�TyTWNNy� �
RB1

¼ Ay
1C1B

y
1 þHyC2B

y
2 þHy A2Ty � I

� �
A2Ay

1C1B
y
1PB2

�HyA2TyC2B
y
2 þTyC2Ny �TyA2Ay

1C1B
y
1B2Ny

þLA1 Z�HyHZB2B
y
2

� ��HyA2LTWNBy
2 þ W�TyTWNNy� �

RB1 :

By putting Z = W = 0, we get the following expression of the partial solution

X0 ¼ Ay
1C1B

y
1 þHyC2B

y
2 þTyC2Ny þHyA2TyA2Ay

1C1B
y
1PB2

�HyA2Ay
1C1B

y
1PB2 �HyA2TyC2B

y
2 �TyA2Ay

1C1B
y
1B2Ny: ð12Þ

Now consider the system (2). We have

QAg�
i
¼ Ag�

i

� �yAg�
i ¼ AiAy

i

� �g� ¼ Pg
Ai
;

similarly, PAg�
i
¼ Qg

Ai
, and, by Lemma 2.1, LAg�

i
¼ Rg

Ai
, and RAg�

i
¼ Lg

Ai
for i = 1, 2. Moreover, by substituting Bi ¼ Ag�

i ,
we obtain

N ¼ RAg�
1
Ag�

2 ¼ A2LA1ð Þg� ¼ Hg�;

F ¼ Ag�
2 LHg� ¼ RHA2ð Þg� ¼ Tg�:

From above, it follows the next analog of Lemma 3.1.

Lemma 3.2. Suppose that A1 2 Hm�n, A2 2 Hk�n, C1 2 Hm�m, C2 2 Hk�k are known and X 2 Hn�n is unknown. The sys-
tem (2) is consistent if and only if

PAiCiP
g
Ai
¼ Ci; i ¼ 1; 2; ð13Þ

T Ay
2C2ðAg�

2 Þy �Ay
1C1ðAg�

1 Þy
h i

Tg� ¼ 0: ð14Þ

In that case, the general solution to (2) is expressed as

X ¼ Ay
1C1 Ag�

1

� �y þHyC2ðAg�
2 Þy þHy A2Ty � I

� �
A2Ay

1C1ðAg�
1 ÞyQA2

�HyA2TyC2ðAg�
2 Þy þTyC2ðHg�Þy

�TyA2Ay
1C1ðAg�

1 ÞyAg�
2 ðHg�Þy þ LA1 Z�HyHZAg�

2 ðAg�
2 Þy

� 	
�HyA2LTWHg�ðAg�

2 Þy

þ W�TyTWHg�ðHg�Þy
� 	

LA1 :

where Z and W are arbitrary matrices over H with appropriate sizes.
By putting Z, W as zero-matrices, the partial solution to (2) is

X ¼ Ay
1C1 Ag�

1

� �y þHyC2ðAg�
2 Þy þTyC2ðHg�Þy þHyA2TyA2Ay

1C1ðAg�
1 ÞyQA2

�HyA2Ay
1C1ðAg�

1 ÞyQA2

�HyA2TyC2ðAg�
2 Þy �TyA2Ay

1C1ðAg�
1 ÞyAg�

2 ðHg�Þy: ð15Þ
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Further, we give determinantal representations of (15).

Suppose that A1 2 Hm�n
r1

, A2 2 Hk�n
r2

, C1 ¼ cð1Þij

� 	
2 Hm�m, C2 ¼ cð2Þij

� 	
2 Hk�k, rankH ¼ r3, and rankT ¼ r4. So,

Ay
1 ¼ að1Þ;yij

� 	
2 Hn�m, ðAg�

1 Þy ¼ að1Þ;g�;yij

� 	
2 Hm�n, Ay

2 ¼ að2Þ;yij

� 	
2 Hk�n, ðAg�

2 Þy ¼ að2Þ;g�;yij

� 	
2 Hn�k, Hy ¼ hyij

� 	
2 Hn�k,

and Ty ¼ tyij
� � 2 Hn�k.

Consider each summand of (15) separately.

(i) Denote C11 :¼ A�
1C1Ag

1. For the first term of (15) X1 ¼ Ay
1C1 Ag�

1

� �y ¼ ðxð1Þij Þ, we have

xð1Þij ¼
Xm
l¼1

Xm
t¼1

að1Þ;yil cð1Þlt a
ð1Þ;g�;y
tj :

Taking into account (4) and (6) for Ay
1 and Ag�

1

� �y
, respectively, we get

x 1ð Þ
ij ¼

Pm
l¼1

Pm
t¼1

P
b2Jr1 ;n if g

cdeti A�
1A1

� �
: i

a 1ð Þ;�
:l

� 	� 	b
b
c 1ð Þ
lt �g

P
a2Ir1 ;n jf g

rdetj ðA�
1A1Þj:ða 1ð Þ

t: Þ
� 	a

a
g

 !
P

a2Ir1 ;n
A�

1A1

�� ��a
a

P
b2Jr1 ;n

A�
1A1

�� ��b
b

:

Suppose that el: and e:l are the unit row and column vectors such that all their components are 0 except the lth components
which are 1.

Since
Pm
l¼1

Pm
t¼1

að1Þ;�fl cð1Þlt a
ð1Þ;g
ts ¼ cð11Þfs ; then

xð1Þij ¼

Pn
f¼1

Pn
s¼1

P
b2Jr1 ;n if g

cdeti A�
1A1

� �
: i
e:f
� �� 	b

b
cð11Þfs �g

P
a2Ir1 ;n jf g

rdetj ðA�
1A1Þj:ðes:Þ

� 	a
a
g

 !
P

a2Ir1 ;n
A�

1A1

�� ��a
a

P
b2Jr1 ;n

A�
1A1

�� ��b
b

: ð16Þ

By

vð1Þis :¼
Xn
f¼1

X
b2Jr1 ;n if g

cdeti A�
1A1

� �
:i
e:f
� �� 	b

b
cð11Þfs ¼

X
b2Jr1 ;n if g

cdeti A�
1A1

� �
:i
cð11Þ:s

� �� 	b
b
; ð17Þ

denote the sth component of a row-vector vð1Þi: ¼ vð1Þi1 ; . . . ; v
ð1Þ
in

h i
. Then

Xm
s¼1

vð1Þis �g
X

a2Ir1 ;n jf g
rdetj ðA�

1A1Þj:ðes:Þ
� 	a

a
g

0@ 1A ¼ �g
X

a2Ir1 ;n jf g
rdetj ðA�

1A1Þj:ðvð1Þ;g
i: Þ

� 	a
a
g: ð18Þ

Farther, it’s evident that
P

b2Jr1 ;n
A�

1A1

�� ��b
b
¼ P

a2Ir1 ;n
A�

1A1

�� ��a
a
. Integrating (17) and (18) in (16), the determinantal representation

of the first term of (15) can be expressed as

x 1ð Þ
ij ¼

�g
P

a2Ir1 ;n jf g
rdetj A�

1A1

� �
j:

v 1ð Þ;g
i:

� 	� 	a
a
g

P
a2Ir1 ;n

A�
1A1

�� ��a
a

 !2 ð19Þ

where

vð1Þ;g
i: ¼ �g

P
b2Jr1 ;n if g

cdeti A�
1A1

� �
:i
cð11Þ:s

� �� 	b
b
g

" #
2 H1�n; s ¼ 1; . . . ; n: ð20Þ
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If we denote by

vð2Þfj :¼
Xn
s¼1

cð11Þfs �g
X

a2Ir1 ;n jf g
rdetj ðA�

1A1Þj:ðes:Þ
� 	a

a
g

0@ 1A ¼ �g
X

a2Ir1 ;n jf g
rdetj ðA�

1A1Þj:ðcð11Þ;gf : Þ
� 	a

a
g; ð21Þ

the fth component of a column-vector vð2Þ
:j ¼ vð2Þ1j ; . . . ; v

ð2Þ
nj

h i
, thenXn

f¼1

X
b2Jr1 ;n if g

cdeti A�
1A1

� �
: i
e:f
� �� 	b

b
vð2Þ
fj ¼

X
b2Jr1 ;n if g

cdeti A�
1A1

� �
: i

vð2Þ
:j

� 	� 	b
b
: ð22Þ

Integrating (21) and (22) in (16), we obtain another determinantal representation of the first term

xð1Þij ¼

P
b2Jr1 ;n if g

cdeti A�
1A1

� �
:i

vð2Þ
:j

� 	� 	b
b

P
b2Jr1 ;n

A�
1A1

�� ��b
b

 !2 ; ð23Þ

where

vð2Þ
:j ¼ �g

P
a2Ir1 ;n jf g

rdetj ðA�
1A1Þj:ðcð11Þ;gf : Þ

� 	a
a
g

" #
2 Hn�1; f ¼ 1; . . . ; n;

are the column vector and cð11Þ;gf : is the fth row of Cg
11 ¼ Ag�

1 C
g
1A1.

(ii) Similarly above, for the second term X2 ¼ HyC2ðAg�
2 Þy ¼ xð2Þij

� 	
of (15),

we have

xð2Þij ¼

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i dA2
:j

� 	� 	b
bP

b2Jr3 ;n
H�Hj jbb

P
a2Ir2 ;n

A�
2A2

�� ��a
a

; ð24Þ

or

xð2Þij ¼
�g

P
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:
dH
i:

� �� 	a
a
gP

b2Jr3 ;n
H�Hj jbb

P
a2Ir2 ;n

A�
2A2

�� ��a
a

; ð25Þ

where

dA2
:j ¼ �g

P
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:

cð21Þ;gq:

� 	� 	a
a
g

" #
2 Hn�1; q ¼ 1; . . . ; n;

dH
i: ¼ �g

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i cð21Þ:l

� 	� 	b
b
g

" #
2 H1�n; l ¼ 1; . . . ; n :

Here cð21Þq: and cð21Þ:l are the qth row and the lth column of C21 ¼ H�C2Ag
2.

(iii) The third term X3 ¼ TyC2ðHg�Þy ¼ xð3Þij

� 	
of (15) can be obtained similarly as well. So,

xð3Þij ¼

P
b2Jr4 ;n if g

cdeti T�Tð Þ:i dH
:j

� 	� 	b
bP

b2Jr4 ;n
T�Tj jbb

P
a2Ir3 ;n

H�Hj jaa
; ð26Þ
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or

xð3Þij ¼
�g

P
a2Ir3 ;r jf g

rdetj H�Hð Þj: dT
i:

� �� 	a
a
gP

b2Jr4 ;n
T�Tj jbb

P
a2Ir3 ;n

H�Hj jaa
; ð27Þ

where

dH
:j ¼ �g

P
a2Ir3 ;n ff g

rdetj H�Hð Þj: cð22Þ;gq:

� 	� 	a
a
g

" #
2 Hn�1; q ¼ 1; . . . ; n;

dT
i: ¼ �g

P
b2Jr4 ;n if g

cdeti T�Tð Þ:i cð22Þ:l

� 	� 	b
b
g

" #
2 H1�n; l ¼ 1; . . . ; n:

Here cð22Þq: , cð22Þ:l are the qth row and the lth column of C22 ¼ T�C2Hg.

(iv) Now, consider the fourth term X4 ¼ HyA2TyA2Ay
1C1ðAg�

1 ÞyQA2
¼ xð4Þij

� 	
of (15). Taking into account (4) for deter-

minantal representations of Hy and Ty, we get

xð4Þij ¼

Pn
s¼1

Pn
z¼1

Pn
f¼1

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i að2;HÞ
:s

� �� �b
b

P
b2Jr4 ;n sf g

cdets T�Tð Þ:s að2;T Þ
:z

� �� �b
b
xð1Þzf qfjP

b2Jr3 ;n
H�Hj jbb

P
b2Jr4 ;n

T�Tj jbb
; ð28Þ

Here að2;HÞ
:i , að2;TÞ

:i denote the ith columns of H�A2 and T�A2, respectively. x
ð1Þ
zf is the (zf)th element of the first term that

is obtained in the point (i). qfj is the (fj)th element of QA2
that, by (8), can be expessed as

qfj ¼

P
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:

_að2Þ
f :

� 	� 	a
aP

a2Ir2 ;n
A�

2A2

�� ��a
a

;

where _að2Þ
f : is the fth row of A�

2A2. Denote

qð1Þzj :¼
Xn
f¼1

xð1Þzf

X
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:

_að2Þ
f :

� 	� 	a
a
¼

X
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:
exð1Þ
z:

� �� 	a
a

ð29Þ

where exð1Þ
z: is the zth row of eX1 ¼ X1A�

2A2 for all z, j = 1,. . ., n and X1 is found in the point (i). Construct the matrix

Q1 ¼ ðqð1Þzj Þ 2 Hn�n. Further, denote

tð1Þsj :¼
Xn
z¼1

X
b2Jr4 ;n sf g

cdets T�Tð Þ:s að2;T Þ
:z

� �� �b
b
qð1Þzj ¼

X
b2Jr4 ;n sf g

cdets T�Tð Þ:s et:j� �� �b
b
;

where et:j is the jth column of eT ¼ T�A2Q1 and construct the matrix T1 ¼ ðtð1Þqj Þ 2 Hn�n. Finally, denote eH :¼ H�A2T1.
From these denotations and the equation (28), it follows

xð4Þij ¼

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i eh :j

� 	� 	b
bP

b2Jr3 ;n
H�Hj jbb

P
b2Jr4 ;n

T�Tj jbb
P

a2Ir2 ;n
A�

2A2

�� ��a
a

; ð30Þ

where eh :j is the jth column of eH.
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(v) For X5 ¼ HyA2Ay
1C1ðAg�

1 ÞyQA2
¼ xð5Þij

� 	
, we have

xð5Þij ¼

Pn
s¼1

Pn
f¼1

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i að2;HÞ
:s

� �� �b
b
xð1Þsf qfjP

b2Jr3 ;n
H�Hj jbb

:

Denote bH :¼ H�A2Q1, where Q1 ¼ ðqð1Þsj Þ is determined in (29). So, similarly to the previous case, we obtain

xð5Þij ¼

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i bh :j

� 	� 	b
bP

b2Jr3 ;n
H�Hj jbb

P
a2Ir2 ;n

A�
2A2

�� ��a
a

; ð31Þ

where bh :j is the jth column of bH.

(vi) Consider the sixth term X6 ¼ HyA2TyC2ðAg�
2 Þy ¼ xð6Þij

� 	
. So,

xð6Þij ¼

Pn
q¼1

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i að2;HÞ
:q

� 	� 	b
b
/qjP

b2Jr3 ;n
H�Hj jbb

P
b2Jr4 ;n

T�Tj jbb
P

b2Jr2 ;n
A�

2A2

�� ��b
b

; ð32Þ

where

/qj ¼
X

b2Jr4 ;n qf g
cdetq T�Tð Þ: q uA2

:j

� 	� 	b
b
¼ �g

X
a2Ir2 ;n jf g

rdetj A�
2A2

� �
j:

uT
q :

� 	� 	a
a
g; ð33Þ

and

uA2
:j ¼ �g

P
a2Ir2 ;n ff g

rdetj A�
2A2

� �
j:

cð23Þ;gq:

� 	� 	a
a
g

" #
2 H1�n; q ¼ 1; . . . ; n;

uT
q: ¼ �g

P
b2Jr4 ;n qf g

cdetq T�Tð Þ:q cð23Þ:l

� 	� 	b
b
g

" #
2 Hn�1; l ¼ 1; . . . ; n:

Here cð23Þ:l is the lth column of C23 ¼ T�C2Ag
2 and cð23Þ;gq: is the qth row of Cg

23. Construct the matrix U ¼ /qj

� �
such that

/qj is determined in (33) and denote eU :¼ H�A2U. From this denotation and the equation (32), it follows

xð6Þij ¼

P
b2Jr3 ;n if g

cdeti H�Hð Þ:i e/:j

� 	� 	
bP

b2Jr3 ;n
H�Hj jbb

P
b2Jr4 ;n

T�Tj jbb
P

b2Jr2 ;n
A�

2A2

�� ��b
b

; ð34Þ

where e/:j is the jth column of eU.

(vii) Finally, consider the seventh term X7 ¼ TyA2Ay
1C1ðAg�

1 ÞyAg�
2 ðHg�Þy ¼ xð7Þij

� 	
of (15). Taking into account (4) for

Ty and (6) for ðH g�Þy, we get

xð7Þij ¼

Pn
q¼1

Pn
f¼1

P
b2Jr4 ;n if g

cdeti T�Tð Þ:i að2;T Þ
:q

� 	� 	b
b
xð1Þqf �g

P
a2Ir3 ;n jf g

rdetj H�Hð Þj: að2;H ;g�Þ
f :

� 	� 	a
a
g

 !
P

b2Jr4 ;n
T�Tj jbb

P
a2Ir3 ;r

H�Hj jaa
; ð35Þ
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where að2;T Þ
:q , að2;H ;g�Þ

f : are the qth column of T�A2 and the fth row of Ag�
2 H, respectively. Denote

xqj :¼
Xn
f¼1

xð1Þqf �g
X

a2Ir3 ;n jf g
rdetj H�Hð Þj: að2;H ;g�Þ

f :

� 	� 	a
a
g

0@ 1A ¼ �g
X

a2Ir3 ;n jf g
rdetj H�Hð Þj: bxð1;gÞ

q:

� 	� 	a
a
g; ð36Þ

where bxð1;gÞ
q: is the qth row of bXg

1 :¼ Xg
1A

g�
2 H. Construct the matrix X ¼ xqj

� �
such that xqj is determined in (36) and

denote bX :¼ T�A2X. From these denotations and the equation (35), it follows

xð7Þij ¼

P
b2Jr4 ;n if g

cdeti T�Tð Þ:i bx:j

� �� �b
bP

b2J r4 ;n
T�Tj jbb

P
a2Ir3 ;r

H�Hj jaa
; ð37Þ

where bx:j is the jth column of bX.
Therefore, we proved the following theorem.

Theorem 3.1. Suppose that A1 2 Hm�n
r1

, A2 2 Hk�n
r2

, and rankH ¼ rank A2LA1ð Þ ¼ r3, rankT ¼ rank RHA2ð Þ ¼ r4. The
partial solution (15) to the system (2) by components is

xij ¼
P4
d¼1

xðdÞij �P7
d¼5

xðdÞij ; i; j ¼ 1; . . . ; n;

where the summand xð1Þij has the determinantal representations (19) and (23), xð2Þij – (24) and (25), xð3Þij – (26) and (27), xð4Þij
– (30), xð5Þij – (31), xð6Þij – (34), and xð7Þij – (37).

Remark 3.2. Theorem 3.1 gives the direct method of finding of a general solution to the system (2) that is an analog of
Cramer’s rule. For this we need in ranks of given matrices and satisfying by them the consistent conditions (13)–(14).Let,
now,

C1 ¼ Cg�
1 ; C2 ¼ Cg�

2 ; ð38Þ

C1 ¼ �Cg�
1 ; C2 ¼ �Cg�

2 : ð39Þ

The partial g-Hermitian solutionY1 and g-skew-Hermitian solutionY2 to the system (2) with the restrictions (38) and (39),
respectively, can be expressed as

Y1 ¼ 1
2 XþXg�ð Þ; Y2 ¼ 1

2 X�Xg�ð Þ;

where X is an arbitrary solution to the system (2). Due to the expression of the general solution (15) and taking into
account (38), we have

Xg� ¼ xg�ij
� � ¼ xjig

� � ¼ Ay
1C1 Ag�

1

� �y þAy
2C2ðHg�Þy þHyC2ðTg�Þy

þ PA2ðAg�
1 ÞyC1Ay

1A2ðTg�ÞyAg�
2 ðHg�Þy �PA2ðAg�

1 ÞyC1Ay
1A

g�
2 ðHg�Þy

� Ay
2C2ðTg�ÞyAg�

2 ðHg�Þy �HyA2Ay
1C1ðAg�

1 ÞyAg�
2 ðTg�Þy;

But taking into account (39), we obtain

Xg� ¼ � xjig
� � ¼ �Ay

1C1 Ag�
1

� �y �Ay
2C2ðHg�Þy �HyC2ðTg�Þy

� PA2ðAg�
1 ÞyC1Ay

1A2ðTg�ÞyAg�
2 ðHg�Þy þPA2ðAg�

1 ÞyC1Ay
1A

g�
2 ðHg�Þy

þAy
2C2ðTg�ÞyAg�

2 ðHg�Þy þHyA2Ay
1C1ðAg�

1 ÞyAg�
2 ðTg�Þy;
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So, the partial g-Hermitian and g-skew-Hermitian solutions to the system (2) with the restrictions (38) and (39),
respectively, have the following expression:

Y1 ¼ Y2 ¼
Ay

1C1 Ag�
1

� �y þ 1
2 HyC2ðAg�

2 Þy þAy
2C2ðHg�Þy

h i
þ 1

2 TyC2ðHg�Þy þHyC2ðTg�Þy
h i

þ 1
2 HyA2TyA2Ay

1C1ðAg�
1 ÞyPA2 þPA2ðAg�

1 ÞyC1Ay
1A2ðTg�ÞyAg�

2 ðHg�Þy
h i

� 1
2 HyA2Ay

1C1ðAg�
1 ÞyPA2 þPA2ðAg�

1 ÞyC1Ay
1A

g�
2 ðHg�Þy

h i
� 1

2 HyA2TyC2ðAg�
2 Þy þAy

2C2ðTg�ÞyAg�
2 ðHg�Þy

h i
� 1

2 TyA2Ay
1C1ðAg�

1 ÞyAg�
2 ðHg�Þy þHyA2Ay

1C1ðAg�
1 ÞyAg�

2 ðTg�Þy
h i

:

The determinantal representations of Y1 ¼ ðyð1Þij Þ and Y2 ¼ ðyð2Þij Þ can be obtained by components respectively as

yð1Þij ¼ 1
2 xij þ xjig
� �

; yð2Þij ¼ 1
2 xij � xjig
� �

;

for all i, j = 1, . . ., n, where xij is determined by Theorem 3.1.

Conclusion

Using row-column noncommutative determinants previously introduced by the author, the determinantal representa-
tions (analogs of Cramer’s rule) of the general, g-Hermitian and g-skew-Hermitian solutions to the system of quaternion
matrix equations A1XAg�

1 ¼ C1, A2XAg�
2 ¼ C2 have been derived. For these purposes, determinantal representations of

the Moore–Penrose inverses of a quaternion matrix, its Hermitian adjoint and g-Hermitian adjoint matrices have been
explored and used.
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