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Abstract — Let G be a primitive strongly regular graph G such that the regularity is less than half of the order
of G and A its matrix of adjacency, and let A be the real Euclidean Jordan algebra of real symmetric matrices of
order nspanned by the identity matrix of order n and the natural powers of A with the usual Jordan product of
two symmetric matrices of order n and with the inner product of two matrices being the trace of their Jordan
product. Next the spectra of two Hadamard series of A associated to A? is analysed to establish some conditions
over the spectra and over the parameters of G.
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Introduction

The Euclidean Jordan algebras have many applications in several areas of mathematics. Some authors applied the
theory of Euclidean Jordan algebras to interior-point methods [1-10], others applied this theory to combinatorics
[11-14], and to statistics [15-17]. More actually, some authors extended the properties of the real symmetric matrices to
the elements of simple real Euclidean Jordan algebras, see [18-24].

A good exposition about Jordan algebras can be founded in the beautiful work of K. McCrimmon, A taste of Jordan
algebras, see [25], or for a more abstract survey one must cite the work of N. Jacobson, Structure and Representations of
Jordan Algebras, see [26] and the PhD thesis of Michael Baes, Spectral Functions and Smoothing Techniques on Jordan
Algebras, see [27].

For a well based understanding of the results of Euclidean Jordan algebras we must cite the works of Faraut and
Koranyi, Analysis on Symmetric Cones, see [28], the PhD thesis Jordan algebraic approach to symmetric optimization of
Manuel Vieira, see [29], and the PhD thesis A Gershgorin type theorem, special inequalities and simultaneous stability in
Euclidean Jordan algebras of Melanie Moldovan, see [30].

But for a very readable text on Fuclidean Jordan algebras we couldn’t avoid of indicating, the chapter written by
F. Alizadeh and S. H. Schmieta, Symmetric Cones, Potential Reduction Methods and Word-By-Word Extensions of the
book Handbook of semi-definite programming, Theory, Algorithms and Applications, see [31], and the chapter, written
by F. Alizadeh, An Introduction to Formally Real Jordan Algebras and Their Applications in Optimization of the book
Handbook on Semidefinite, Conic and Polynomial Optimization, see [32].

In this paper we establish some admissibility conditions in an algebraic asymptotically way over the parameters and over
the spectra of a primitive strongly regular graph.

This paper is organized as follows. In the second section we expose the most important concepts and results about
Jordan algebras and FEuclidean Jordan algebras, without presenting any proof of these results. Nevertheless some bibliog-
raphy is present on the subject. In the following section we present some concepts about simple graphs and namely strongly
regular graphs needed for a clear understanding of this work. In the last section we consider a three dimensional real Eucli-
dean Jordan algebra A associated to the adjacency matrix of a primitive strongly regular graph and we establish some
admissibility conditions over, in an algebraic asymptotic way, the spectra and over the parameters of a strongly regular
graph.
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Principal results on Euclidean Jordan algebras

Herein, we describe the principal definitions, results and the more relevant theorems of the theory of Euclidean Jordan
algebras without presenting the proof of them.

To make this exposition about Euclidean Jordan algebras we have recurred to the the monograph, Analysis on Symmetric
Cones of Faraut and Koranyi [28], and to the book A taste of Jordan algebra of Kevin McCrimmon [25]. But for general
Jordan algebras very readable expositions can be found in the book Statistical Applications of Jordan algebras of James
D. Malley [17].

Now, we will present only the main results about Euclidean Jordan algebras needed for this paper.

A Jordan algebra A over a field [ with characteristic # 2 is a vector space over the field KK with a operation of mul-
tiplication o such that for any zand yin A, zo y= yo zand zo (27° o y) = 2°° o (z 0 y), where 27° = z 0 2. We will suppose
throughout this paper that if A is a Jordan algebra then A has a unit element that we will denote it by e.

When the field K is the field of the reals numbers we call the Jordan algebra a real Jordan algebra. Since we are only
interested in finite dimensional real Jordan algebras with unit element, we only consider Jordan algebras that are real finite
dimensional Jordan algebras and that have an unit element e and that are equipped with an operation of multiplication that
we denote by ©.

The real vector space of real symmetric matrices, A = Sym (n, R), of order n, with the operation x o y = "y% is a real
Jordan algebra.

We must note, that we define the powers of an element z in A in the usual way X =e, x*=x, x¥ =xox and
¥k = x ox*=Y° for any natural number k. Hence, we have x* = x ox = 22 = 22 — »2 and therefore by induction over
N we conclude that x** = x* for any natural number k, where z* represents the usual power of order k of a squared symmetric

matrix. A is a Jordan algebra since for z and y in A we have x oy = 2% =22 — yox and

2 2
x<>(x2°<>y) :x<>(x2<>y) =Xx0 <)¥>

x(xzy-%—yx2) + (x2y+}x2)x Xy 4 + Py +

2 2 2
B 2 B 2
Xy 4 x4+t (x4 9x) + (o + )
_ 2 _ 2
2 2

x2xy4‘)’x Xy +x o,

_ 5 T oY Poy) + (xoy?
- 2 - 2
_x(xoy) ;r (xoypx* o (xoy).

Let’s consider another example of Euclidean Jordan algebra. Let consider the real vector space A,,; = R""! equipped with
the product ¢ such that

zlw
ZOW = - s
Z1W + wix

22 Wa
21 w1
23 w3
29 W
where z = S, o w= , Z= : and W=
Zn_ W,
Zn Wy n—1 n—1
Zn Wy
Zp+1 Wp+1
| Zn+1 L Wn+t1 |

Now we will show that z ¢ w= wo z and that z o (2% o w) = 2*°(z ¢ w). We have

zlw wlz
ZOW = o | = B | =woz
W+ wizZ WiZ + zZ1w
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Herein, we must say that the element e = {% is the unit of the Euclidean Jordan algebra A, ;. Indeed, we have
X1 1 X1 X1
e =|_|¢ = = .
X 0 X X
Now since the operation ¢ is commutative, we showed that

[ 2]

Hence, e is a unit of the Jordan algebra A, ;. Now, we have

X1 +)_C|6
X]G + 1.7_C

zo (2 ow)
=zo((zoz)ow)
||Z||2 |:W1:| |:le| “Z||2W1 +2212|W
=z< _ Lo o = _ O 5
221z w z [|z||'W + 2zyw1Z
[z (=P 20 + (1 + 222w
21|2l)% + 22wz + (||z|[Pwy + 22.2|w)z
~[Ew (=P + 21E17) + (=P + 222w
2|2l + (222w + ||z|[Pwy + 22.2|w)z
and

220 (zow)

EW?DO@WZ <1[2;:1>0<mm>

2 ||2|[w + (wi||2]|* + 222wy + 2z,2[w)z |

Therefore, since for any zand win A, ,; we have 20 w= wo zand z ¢ (2% o w) = 22 o (z o w). Then we conclude that A, is
a Jordan algebra.

Now we define a Jordan subalgebra of the Euclidean Jordan algebra A = Sym (n,R). Let’s consider the set
{Bi1,Bsy, -, B} of symmetric matrices of M,(R) such that

(i) Bi = I,
(ii) (Bi)y € {0,1}, for j,k € {1,---,1} and B; = B fori=1,-- 1,
(iii) By + Bot--+B = J,,
(iv) Vije {1, 1}, Yk € {1,--,1}3of € R: B;B; = ",_ 0By
Then the real vector space B spanned by the set {By, Ba, - -+, B;} with the Jordan product ¢ is a Jordan algebra. Firstly, we

must say that B is closed for the Jordan product. Indeed, for C and D in B we have C = By +--- 4+ o;B;, and
D = p,B; + -+ B,B,. Therefore

C" = (B 4+ ouB) =B +-- 4 B!
:OtlBl+"'+OC]BIZC
and
D' = (BBi+--+BB) = BB+ + BB
=pBi+---+ BB =D.

Since C o D = LLE then
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(cp+DC)" (D) +(DC)"  D'CT+ D’
2 B 2 B 2
DC+CD CD+DC

_DCHCD_DEDC_( )

(CoD) =

So C o D is a symmetric matrix of M, (R), but from property iv) we conclude that C o D = 371~ 7, B, therefore C o D in B.
Now, we must say, that for any matrices X and ¥ € Bwe have Xo Y= Yo Xand X o (X?¢0Y) =X?¢ (X oY) since Bisa
subalgebra of A = Sym (n, R).

Let A be a n-dimensional Jordan algebra. Then A is power associative, this is, is an algebra such that for any zin A the
algebra spanned by z and e is associative. For z in A we define rank (z) as being the least natural number & such that
{e,x',...,x*} is a linearly dependent set and we write rank (z) = k. Now since dim(.A) = n then rank (x) < n. The rank
of A is defined as being the natural number r = rank (4) = max {rank (x) : x € 4}. An element z in A is regular if
rank (x) = r. Now, we must observe that the set of regular elements of A is a dense set in .A. Let’s consider a regular element
zof A and r = rank (z).

Then, there exist real numbers o (x), o2 (x), ..., _1(x) and o,.(x) such that

X — oy ()x" TV (=1 a(x)e =0, (1)
where 0 is the zero vector of A. Taking into account (1) we conclude that the polynomial p(z, —) define by the equality (2).
px, ) =2 — o () 4 (=1 o (x), (2)

is the minimal polynomial of z. When z is a non regular element of .4 the minimal polynomial of x has a degree less than
r. The polynomial p(z, —) is called the characteristic polynomial of z. Now, we must say that the coefficients o;(z) are
homogeneous polynomials of degree i on the coordinates of x on a fixed basis of A. Since the set of regular elements of A
is a dense set in A then we extend the definition of characteristic polynomial to non regular elements of A by continuity.
The roots of the characteristic polynomial p(z, —) of z are called the eigenvalues of . The coefficient o;(z) of the char-
acteristic polynomial p(z, —) is called the trace of z and we denote it by Trace (z) and we call the coefficient a,(z) the
determinant of z and we denote it by Det (z).

Let A be a real finite dimensional associative algebra with the bilinear map (x, y)—x ¢ y. We introduce on A a structure
of Jordan algebra by considering a new product e defined by x e y = (x oy + y o x)/2 for all z and y in A. The product e is
called the Jordan product of z by y. Let A be a real Jordan algebra and x be a regular element of A. Then we have
rank (x) = r = rank (A). We define the linear operator L,(x) such that L.,(x)z = x ¢z, Vz € A. We define the real vector
space R[x] by Rlx] = {z€ A: Iy, 71,71 € R:z=pe+7x" +---+7,,x""V°}. The restriction of the linear opera-
tor L,(x) to R[x] we call L’ (x). We must note now that trace (L (x)) = a;(x) = Trace (x) and det (L!(x)) = a,.(x) = Det (x).

A Jordan algebra is simple if and only if does not contain any nontrivial ideal. An Euclidean Jordan algebra A is a Jor-
dan algebra with an inner product -|- such that L,(x)y|z = y|L.(x)z, for all z, y and z in .A. Herein, we must say that an
Euclidean Jordan algebra is simple if and only if it can’t be written as a direct sum of two Euclidean Jordan algebras.
But it is already proved that every Euclidean Jordan algebra is a direct orthogonal sum of simple Euclidean Jordan
algebras.

The Jordan algebra A = Sym (n, R) equipped with the Jordan product x o y = with zy and yz the usual products of
matrices of order n, z by y and of y by x and with the inner product x|y = trace (L.(x)y) for z and y in A is an Euclidean
Jordan algebra. Indeed, we have

Xyt

L.(x)ylz=xo0ylz
= trace ((xoy) ©z)

= trace (("Vﬂ)‘) <>Z)

= trace (%)

= trace ((xi)z) + trace (( T ) + trace ( (Z}) + trace(

)

)
+ trace(

= trace (y (xz)> + trace (<”>y ) + trace (<xy )Z) + trace (@’)x)

v

4

+ trace (y(sz) + trace ( (iy) + trace ( (-211))
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= trace (y (f)) + trace (y (Zx>) + trace (%) + trace ((XZJ)

)

2

Now, we will show that the A,,; =R"™ is an Euclidean Jordan algebra relatively to the inner product

[);1} | [);_/1] = x1y, + X[y. We have the following calculations

Lo(x)ylz = (xoy)|z

(ERE)E
= _ O _ ‘ _
X ¥ z
_ {xﬂﬁ +f|y} | {Zl]
X1y + X z
=x10,21 + 21X[y + x1Y[Z + y, X2
y X1 Z;
e =sieez = 2 i([ 2] [2])
y X zZ
b2 | X1z + X|Z
y xX1Z + 21X
=x1y121 + X2 + 1 P2 + 219X
=x1y,21 + z19X + 13|z + y X7

and

Hence, we conclude that L, (x)y|z = y|L.(x)z. And therefore A,;; is an Euclidean Jordan algebra.

Now, we will analyse the rank of the Euclidean Jordan algebra A = Sym (n, R). Let consider the element z of A with n
distinct eigenvalues Ay, As,. .., 4,1 and 4,, and B = {v;, v9, - - -, v, } an orthonormal basis of R" of eigenvectors of  such that
xv; = Ajv; for i=1,- - -, n. Considering the notation e = I,,, then we have:

e=uv0] + vl + - 4 v,00
x' = Qyovl + Aovgv? + - 4 Lo07
20 __ 12 T 2..T 2 T
xX* = Aj00) + A0, + -+ Av,0,
e = 2ol 4+ 0 gl 4 /lz_lvnvf.
Therefore, the set X, ; = {e,x',x*,---,x""!°} is a linearly independent set of A if and only if the set

Snfl = {(1717 ) 1)) (117)"25 t '7in>7 ()‘Ea;éa' o 7;”3) Ty ()"’11717)}21717' o /’Lnil)}

»%n

is a linearly independent set of R". But, since

M Ay o Ay
I I R

1<i<;j<n

an—1 n—1 n—1
P R
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then the set S,,_; is a linearly independent set of R" and therefore the set

anl — {e7x1<>’x2<>, . 7xn—lo}
is a linearly independent set of A. The set X, = {e, z!°,2%°,---, 2™} is a linear dependent set of A since the set

Sn = {(17 17 Ty 1)7 (/117127 e 7/171)7 Tty (l’;_17;”’21_17 o 'a/ln_l)7 (1117;";7 o 712)}

n

is a linearly dependent set of R" because the dimension of R" is n. Therefore, we conclude that rank (z) = n.
Let z be an element of A with £ distinct non null eigenvalues 4, and let v;,, v;,, - - -, v;,_, and v;, be an orthonormal basis
of eigenvectors of z of the eigenvector space of z associated 4, this is xv;, = A4v;.,j=1,---, ;. Now, we consider the elements
_ N\ _ T T T ! !
u; = ijlv,-/ and we have x = Ayuyuy + Aouauy + - - - + Aguty . Therefore, we have
e=uwul +uul +-- +wuul

X' = ] + Aousud + -+ + Al

k—lo _ ak=1, 7 | sk=1 T k=1 7
X = A0 wuy A+ Ay usug + - 4+ A wug

and, since 1 1 o 1
Y PR I B
N e | R
. . . 1<i<j<k
/11{;1 /11;;1 o %;1
then the set X;_; = {e, z'°,2%°, - -, 2571°} is a linearly independent set of A. And, the set X; = {e, z'°, 2%, - - zF71° 2%}

is a linearly dependent set of A since dim(R*) = & and therefore rank (z) = k. If z has k distinct eigenvalues where k—1
eigenvalues are non null and one is null then one proves one a similar way that rank (z) = k.

Therefore we conclude that rank (A) = n and the regular elements of A are the elements z of A with n distinct
eigenvalues.

The characteristic polynomial of a regular element of A is a monic polynomial of minimal degree n = rank (4). Now, let
z be an element of A with n distinct eigenvalues A;, Ao, - -, 4,1 and 4,, then by the Theorem of Cayley-Hamilton we con-
clude that the polynomial p such that

) = (= )= do) (= )

is the monic polynomial of minimal degree of x. Therefore since the monic polynomial of minimal degree of element x is
unique we conclude that the characteristic polynomial of z, p(z, —) is such that p(z,A) =p(l). This is
p(x,2) = (A—=2)(A—=23)---(A—=An). So, we have p(z,A)=2" = +ldg+ -+ )" "+ -+ (=1)"Aly - L.
Therefore, we have Trace () = 4, + A, + -+ + 4, and Det (z) = 114y - - - 4,

Now, we will show that rank(A,.;) =2 To came to this conclusion, we will firstly show that for

¥ # 0, rank ([);1 }) = 2 and that for x; # 0, rank ({%1 ]) = 1. So, let suppose X # 0 then, we have

oc[);l} +ﬁ[%] - {g] o (a=0)A(f=0).

20 5 12
Therefore, the set { {%} , [x_l} } is a linearly independent set of A,,;. Now, we have [);1} = {xl + [l ] and since

X 2x1X
2+ |7 X1 1 _
Y = ] =2 = -0
2x1X X 0
we conclude that rank ([g}) = 2. If ; # 0, we have {%1} =n [%] Then the set {[H, {2 ]} is a linearly

I

dependent set of A, then rank ([ }) = 1. And, therefore rank (A, 1) = 2. And the regular elements of A, are the

el

elements of A, such that T # 0.
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1] - 2] -l

Then, supposing X # 0 and considering the notation x = {);1 ], we conclude that the caractheristic polynomial of z is

Since, when ¥ # 0 we have

px, 1) = 2> —2x ).+ (x> — ||%||?). Therefore, the eigenvalues of =z are J(x)=x —|F| and A(x)=

x1 + ||%||, Trace (x) = 2x; and Det (x) = x> — ||x||’.

Let A be a real Euclidean Jordan algebra with unit element e. An element fin A is an idempotent of A if f2° = f. Two
idempotents fand g of A are orthogonal if f ¢ g = 0. A set {g,, &5, .., } of nonzero idempotents is a complete system of
orthogonal idempotents of A if g7 = g;, fori=1, ..., k g; og;=0,fori=j,and Zf:]gi = e. An element g of A4 is a prim-
itive idempotent if it is a non null idempotent of A and if cannot be written as a sum of two orthogonal nonzero idempotents
of A. We say that {g,g,,...,g} is a Jordan frame of A if {g,,g,,...,g,} is a complete system of orthogonal idempotents
such that each idempotent is primitive.

Let consider the matrices Ej; of the Euclidean Jordan algebra A = Sym (n, R) with j = 1,---, n where E}; is the square
matrix of order n such that (Ej);; = 1 and (Ejy)y, = 0if i # jor k # j.

Let & be a natural number such that 1 < k< n. Then S = {Ey; + Ex» + -+ + Ew, Exc1401, -+, Enn } 1s a complete system
of orthogonal idempotents of A and 8" = {Ey1, Ex, -, E.} is a Jordan frame of A.

Let consider the Euclidean Jordan algebra A,;; and z non zero element of A,,;. Then the set

1 1
S={g,8}= {% [ 5 ] '3 [ 5 } } is a Jordan frame of the Euclidean Jordan algebra 4, ;. Indeed, we have:

(1% (Il

(i) gi° =g, and g3° = g,

2 1] . 1
g'=&°& =3 s |°|_ =
[l ] =]
1,13k -
I = R .
_ 1 x 1 x 2 _ X 1
4 TR1 4 TR G
and, we have
2 1] . 1
gQO_gZQgQ—g o3| 5=
(I =]
1,1 %k -
N R T N I
Sl 12| T2la| T8
s tarm L T

(iii)

[ _ =P
_ _1 } _ 1 e | [0
81°8 _ X < X - - 6 :
2[[x]] 2[[x]] T T

Therefore we conclude that {g,,g,} is a Jordan frame of A, since rank (A,;) = 2.
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Theorem 1. ([28], p. 43). Let A be a real Euclidean Jordan algebra. Then for z in A there exist unique real numbers
Br(x), Bs(x), ..., Bi(x), all distinct, and a unique complete system of orthogonal idempotents {g,, g, ..., 8} such that

x = pi(x)g1 + Bo(x)gs + -+ + Br(x)gy- (3)

The numbers f3;(x)’s of (3) are the eigenvalues of  and the decomposition (3) is the first spectral decomposition of z.

Theorem 2. ([28], p. 44). Let A be a real Euclidean Jordan algebra with rank (V) = r. Then for each x in A there exists a
Jordan frame {g,, 8, -, &,} and real numbers f,(x),---,f,_1(x) and B,(x) such that

x = Bi(x)g + Bo(x)gy + -+ - + B.(x)g,- (4)
Remark 1. The decomposition (4) is called the second spectral decomposition of =z And we have

Det (x) = E[lﬁj(x)7 Trace (x) = iﬁj(x) and oy (x) = > By(x)... B (x).

1<iy <--<ip <r

Example 1. For X #0, the second spectral decomposition of x = [);1} relatively to the Jordan frame

1 1
S={&gﬁ={4_§lé{ﬁ}}dAHus

x = (x1r = [[x[)gr + (1 + [[X]])go-

An Euclidean Jordan algebra is called simple if and only if have only trivial ideals.
Any simple Euclidean Jordan algebra is isomorphic to one of the five Euclidean Jordan algebras that we describe below:

(i) The spin Euclidean Jordan algebra A, ;.

(ii) The Euclidean Jordan algebra A = Sym (n, R) with the Jordan product of matrices and with an inner product of
two symmetric matrices as being the trace of their Jordan product.

(iii) The Euclidean Jordan algebra A = H,(C) of hermitian matrices of complexes of order n equipped with the Jordan
product of two hermitian matrices of complexes and with the scalar product of two Hermitian matrices of complexes
as being the real part of the trace of their Jordan product.

(iv) The Euclidean Jordan algebra A = H,(H), of hermitian matrices of quaternions of order n equipped with the Jor-
dan product of hermitian matrices of quaternions and with the scalar product of two hermitian matrices of quater-
nions as being the real part of the trace of their the Jordan product.

(v) The Euclidean Jordan algebra A = H3(0O) of hermitian matrices of octonions of order n equipped with the Jordan
product of two hermitian matrices of octonions and with the inner product of two hermitian matrices of octonions
as being the real part of the trace of their Jordan product.

We now describe the Pierce decomposition of an Euclidean Jordan algebra relatively to one of its idempotents. But, first
we must say that for any nonzero idempotent g of an Euclidean Jordan algebra A the eigenvalues of the linear operator
L.(g) are 0,f and 1 and this fact permits wus to say that, considering the eigenspaces
A(g,0) = {x € A: L(g)(x) = 0x}, A(g,}) = {x € A: Li(g)(x) = 1x} and A(g,1) = {x € A: L.(g)(x) = 1x} of L(g) asso-
ciated to these eigenvalues we can decompose A as an orthogonal direct sum A = V(g,0) + V(g7 %) + V(g,1). Now, we will
describe the Pierce decomposition of the Euclidean Jordan algebra A = Sym (n, R) relatively to an idempotent of the form

C— I Orxn—t ]

- a
Oan,k On—kxn—k

[k kan—k
T .
kan—k On—kxn—k

Xk Xk Ok xn—k

Let A= Sym (an) and C = |: Olz‘xnfk 0”*k><”7k

Now, we will show that A(Cl)z{{

Xixk € Sym (k, R)}
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We have
Iy Okxn—k Aixk Akxn—i Aok Aok
Op i Okt O[Agxnk An—toxni ]_ [Azfxnk Antoxni ]
T
AL Okxn—k Ak Arxnik
5< OF v onkx,quA,fxn_k A”m}

Aixk Akxn—k Iy Okxn—k Aok Ak
[A,{X,,_k Avtoent | | OF o s onmkD_ L,{X"_k Am”]
)

Ak Ak Aok Okank Ak Akxn—k
2 O i Onkxnk] 2 Al Onkxnk] N lz‘l;{xnk Ankxnk]
T
Ak 3 Akxn—i Ak Aok
[%Azxn_k Onkxnk‘| B lA;ZX,,k An—kxn—k‘|

)

(Aixn—k = Oscn—i) N (Ap—txn—k = On—kseni)

Therefore, we have

Ak Okxn—k

kexn—k n—kxn—

] P Ak € M (R) A (Apsk = Alzxk)}

Now, let calculate .A(C , %) So, let consider the following equivalences.

1k kan—k Akxk Akxn—k 1 Ak><k Akxn—k
o =:
T T 2 T
On—kxk kak Akxy,,k An—kxn—k Akxy,,k An—kxn—k
NaRs Okxn—i Apsi Akxn—i
2 T T
ka,,_k Onkanfk Akxn—k Ankanfk
Agsk - Akxn—i Iy Okxn—k N Aod Ak
T T T2 gT
Akx,,,k Ankanfk ka,,,k Onkanfk Akx,,,k Ankanfk
1 1
" Ak Akxn—te | Ak Okxn—k 5 Ak 3 Akxn—k
2 T 2 T —|1yr 1
Oan,k On—kxn—k Akxn—k On—kxn—k §Ak><n—k §An—k><n—k
1 1 1
Ak 3 Akxn—k Ak 3 Ak
14T T 1yr 1
§Ak><,,,k On,an,k §Ak><n7k §An7k><n7k

(Aixk = Opsr) N

Akxnfk
Onkanfk

Hence, we have A(C,3) = { {3?”‘
kxn—k

following calculations:

)

(Ankanfk - Onkanfk) .

} tApsini € ka,,k([R{)}. Now, let’s calculate A(C, 0). So let consider the
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|:Ik kank] |:Ak><k Apexn—k ]_ |:Ak><k Ascn—k }

T T T
0,, Jexk kak Aan k An—kxn—k Ak><n k Ankanfk

T
1 <|:[k Okxn—k ] |:Ak><k Apxn—r }
2\LOL, & Owtoni | AL s Anbeni
+|:Ak><k Akxn—k } |:[k Okxnk }) _ |:Ok><k Okxn—k ]
Al Ao i L0, 0 Oubeni O/ v Ontxni
)

1 |:Akxk Akxn—k } 1 |:Ak><k Okxn—k } _ |:0k><k Okxn—k }
O/ ..+ Onisni Al Ontni O/ .+ Onixni
)
|:Ak><k S Akn—k ] _ |:Ok><k Okxn—k ]

ALt Onisni]  LOfns Ontni

)

(Aixk = Okxic) N (Akscn—i = Oxnr)-

Hence we have A(C,0) = { [g’}” 3’“”7" ] : Ap_kxn_ € Sym (n — k, [Ri)}
fexn—Fk n—kxn—k

For, other hand if we consider a Jordan frame S = {g,, g, -, g,} of an Euclidean Jordan algebra A and considering the
spaces A; = {x € A: L,(g;)x = x} and the spaces A; = {x € A: L,(g;)x = 5x A L,(g;)x = 3x} then we obtain the decom-
position of A as an orthogonal direct sum of the vector spaces A;s and Ajs in the following way: A = E A+ > Ay

i=1 1<i<j<r

In the case when the Euclidean symmetric Jordan algebra is A = Sym (n, R) and we consider the Jordan frame of A,

S ={Ey,E%, --,E,} we obtain the following spaces A; ={4 € M,(R):Ja € R:4=0E;} and the spaces
Aj={4eM,(R): Ix; € R: 4 =x;(Ey; —I—Eﬂ)} where the matrices E;s are the matrices with 1 in the entry ¢ and with
the others entries zero and the matrix Ej; is the matrix with 1 in the entry 1j and zero on the others entries. Therefore the

Pierce decomposition of A relatively to the Jordan frame of A is A = ZAI»,» + Z A;;. Therefore, we can write, any

i=1 i<1<i<j<n

matrix of the Sym (n, R) in the form 4 = Z a;E; + Z a;(Ej+Ejy).
i=1 {1<i<j<n}
Let consider the spin Euclidean Jordan algebra A, ,, and let consider the idempotent ¢ = § [H with ||%|| = 1. We, will

obtain the spaces A, 1(c, 1), .An+1( ,;) and A,1(c,0). We have, the following equivalences

o] =[a]eals] < [4] - 2]
o b= (o]

Qo
>
o =l
I
—
=l
S
=
=l

<> a =X
1
= {“_1} - (2xa)%[ } = [“_1} = (2%[a)c.
a X a
So, we conclude that A, 1(c, 1) = {ac,a € R}. Now, we will calculate A,,1(c,0).
HECEEHMEEEH
co | = _ = 5| = Lo _ = | =
| a a X a 0

0
[6} & a; = —Xana= (X|a)x
1
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Therefore, we obtain, A, (c,0) = { ot 1_ ;o € R 3. We, can rewrite A, 1(c,0) = < a } Oven ¢,0 € R5. Now, we
. . 1 2| —x (0] -1,
will obtain A, (c,3). Lxn

So, we have

1
ay ay 1 a, 5a
co| _|=_lell |ol_|=1]%_
a a x a 54
1 15|+ 1
la) +1ix|a igy o o
& 21_ 12 | = 21_ Sxa=0Aax=0
§a+§a1x 3a

Therefore, we obtain,

A (c,l> = {a[?} :Xjla=0,0 € R}.
2 a

Now, we will analyse the Pierce decomposition of A, relatively to the Jordan frame

1 ! 1 !
{Cl; 6’2} = 5 1 »5 -1
0,,,1 On—l

As in the previous example, we have (A1), = Apri1(er, 1) = {oer = o € R}, and (Api1)gy = Aps1(ca, 1) = {acs 1 o € R}
Now, we will calculate the vector space

(Anii)ip = {x € Auir: (Lo(er)x = %x) A (Lo(e2)x = %X)}

So, we have the following calculations

1 X1 X1 %X] —|—%xQ +O‘x X1
1 1
3 1|0 X9 =3 X9 =4 1 X9 +X| 1 2
0 X | x *Lx] *[0
M1 1 1
5}61 +5X2 5)61
1 1 _ 1
< 5X2 +§X1 = | 3X2
1z 1z
L 32X 2

0
Therefore A,,1(c1,3) = {| 0
X
1 X1
1 —1
3 —1]o|x| = 5
0 X
1 1
§x1 - §x2
1 1
= 53X2 —5X1
X

X1
Xy | &
3
— |1x
X

1
2

(X1 = O) N (XQ = O)

:x € R"'}. Now, we will calculate A, (c2,3).

1 1 Nl¥
5x1 — 5)&'2 + le

2l

& (x1 =0) A (x2

Hence, we have also that A, (cfz, %) =A, (cl,%). Therefore we have

0
(Aii1)yp = 0
X
X1
Therefore for any element x = | x5, | of A,;; we conclude that

X

xe R

X1

=I
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o O

x = (x1 +x2)c1 + (01 — x9)c2 +

=I

A brief introduction to strongly regular graphs

An undirect graph X is a pair of sets (V(X), E(X)) with V'(X) = {v1,- -+, v,-1,0,} and F(X), the set of edges of X, a
subset of V(X) x V(X). For simplicity, we will denote an edge between the vertices a and b by ab. The order of the graph
X is the number of vertices of X, |V (X)| and we call the dimension of X, |E(X)| to the number of edges of X. One calls a
graph a simple graph if it has no multiple edges (more than one edge between two vertices) and if it has no loops.

Sometimes we make a sketch to represent a graph X like the one presented on the Figure 1.

An edge is incident on a vertice v of a graph X if v is one of its extreme points. Two vertices of a graph X are adjacent if
they are connected by an edge. The adjacency matrix of a simple graph X of order n is a square matrix of order n, A such
that 4 = [a;;] where a;; = 1 if v;v; € E(X) and 0 otherwise. The adjacency matrix of a simple graph is a symmetric matrix
and we must observe that the diagonal entries of this matrix are null. The number of edges incident to a vertice v of a simple
graph is called the degree of v. And, we call a simple graph a regular graph if each of its vertices have the same degree and we
say that a graph G is a kregular graph if each of its vertices have degree k.

The complement graph of a graph X denoted by X is a graph with the same set of vertices of X and such that two dis-
tinct vertices are adjacent vertices of X if and only if they are non adjacent vertices of X.

Along this paper we consider only non-empty, simple and non complete graphs.

Strongly regular graphs were firstly introduced by R. C. Bose in the paper [33].

A graph Xis called a (n, k; A, p)-strongly regular graph if is kregular and any pair of adjacent vertices have A common
neighbors and any pair of non-adjacent vertices have yu common adjacent vertices.

The adjacency matrix A of a (n, k; A, u)-strongly regular X satisfies the equation 4% = kI, + A4 + u(J, — A — 1,,), where
J,, is the all ones real matrix of order n.

The eigenvalues 0, 7, k and the multiplicities mg and m, of 0 and t respectively of a (n, k; A, u)-strongly regular graph X,
see, for instance [34, 35], are defined by the equalities (5):

0= (=t U= 1 + 4l - ) /2,

v = (i p— = )+ 4k - ) /2,

_tn+t—k (5)
"= n@—1) ’
Ot k—0
e = n(f —1)
Therefore necessary conditions for the parameters of a (n, k; A, u)-strongly regular graph are that "r‘,’(q;’:)k and "n”(gf;;’ must be

natural numbers, they are known as the integrability conditions of a strongly regular graph, see [34].

Figure 1. A simple graph X.
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)

n—2—2k+ u,n— 2k+ 1). Now we will present some admissibility conditions on the parameters of a (n, k; 4, u)-strongly
regular graph. The parameters of a (n, k; 4, p)-strongly regular graph X verifies the admissibility condition (6).

k(k —1—2) = u(n —k — 1). (6)

We note that a graph X is a (n, k; A, u)-strongly regular graph if and only if its complement graph X is a (n, n — k — 1;

The inequalities (7) are known as the Krein conditions of X, see [36].

(k+0)(t+ 1) > (0+1)(k + 0+ 207),

(k+7)(0+1)° > (t+ 1)(k + 7+ 207). @)
Given a graph X, we call a path in X between two vertices v; and v;,; to a non null sequence of distinct vertices, excep-
tionally the first vertice and the last vertice can be equal, and distinct edges, W = v; 1156503 - -ty €, v;, 1 whose terms are
vertices and edges alternated and such that for 1 < 4 < k the vertices v; and v;,; define the edge e;. The path is a closed
path or a cycle if and only if the only repeated vertices are the initial vertice and the final vertice.

A graph Y is a subgraph of a graph Yand we write Y C Y if V(Y)C V(Y)and E(Y)CE(Y). If Y C Yand Y’ # 7,
we say that Y is a proper subgraph of Y. We must observe that for any non empty subset V' of V(Y) we can construct a
subgraph of Y whose set of vertices is ¥’ and whose set of edges is formed by the edges of E(Y) whose extreme points are
vertices in V' which we call the induced subgraph of Y and which we denote by Y (7). Two vertices v, and v, of a graph X
are connected if there is a path between v, and v, in X. This relation between vertices is a relation of equivalence in the set of
vertices of the graph X, V(X), whereby there exists a partition of V(X) in non empty subsets Vi, Vs, -+, V1 of V(X) such
that two vertices are connected if and only if they belong to the same set V; for a given i € {1,2,---,1}. The subgraphs X
(V1), X(Vs), - -+, X(V)) are called the connected components of X. If X has only one component then we say that the graph X
is connected otherwise the graph X is a disconnected graph. A (n, k; A, u)-strongly regular graph X is primitive if and only X
and X are connected graphs. Otherwise is called an imprimitive strongly regular graph. To characterize the connected
graphs we will present the definition of reducible and of irreducible matrix. Let n be a natural number greater or equal
2 and 4 a matrix in M, (R). We say that the matrix 4 is a reducible matrix if there exists a permutation matrix P such that

Cixk Ok xn—k

PTAP = (8)
ank xk Enfk xn—k

where kis such that 1 < k < n—1, if doesn’t exist such matrix P we say that the matrix A is irreducible. If A is a reducible
symmetric of order n then D, _j.; = O,_jx; From the Theorem of Frobenius we know that if A is a real square irre-
ducible matrix with non negative entries then A has an eigenvector v such that Au = ru with all entries positive and
such that |4] < r for any eigenvalue of A and r is a simple positive eigenvalue of A. Now since a graph is connected
if and only if its matrix of adjacency is irreducible then, if a graph X is a connected strongly regular graph then the
greater eigenvalue of its adjacency matrix A is a simple eigenvalue of A with an eigenvector with all components positive.
Hence the regularity of a connected strongly regular graph X is a simple eigenvalue of the adjacency matrix of X.

Finally, since from now on, we only consider primitive strongly regular graphs, we note that a (n, k; 4, u)-strongly reg-
ular graph is imprimitive if and only if x4 = 0 or u = k. From now on, we only consider (n, k; 4, u)- strongly regular graphs
with £ — 1 > p > 0. The multiplicities of the eigenvalues 0 and 7 of a primitive strongly regular graph X of order n satisfy the
conditions (10) known has the absolute bounds

it s @
7"“(’"; k) P (10)

and they also satisfy the equalities 1 4+ my + m, = n and k + my6 + m,t = 0.

Some relations on the parameters of a strongly regular graph

Let m be a natural number. We denote the set of real matrices of order m by M,,(R) and the set of symmetric of M, (R)
by Sym (m, R). For any two matrices H = [h;;] and L = [I;;] of M ,,(R). we define the Hadamard product of H and L as being
the matrix H o L = [h;/;;] and the Kronecker product of matrices H and L as being the matrix H @ L = [h;L]. For any
matrix P of M, (R) and for any nonnegative integer number j we define the Schur (Hadamard) power of order j of P, as
being the matrix P/° in the following way: P*° = J,, P!> = P for any natural number j > 2 we define P/"1° = P o P”.

In this section we will establish some inequalities over the parameters and over the spectra of a primitive strongly regular
graph.
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Let’s consider a primitive (n, k; 4, u)-strongly regular graph G such that 4 > &k > u > 0 and with u < 4, and let A be its
adjacency matrix with the distinct eigenvalues 1, 8 and k. Now, we consider the Euclidean Jordan algebra A = Sym (n, R)
with the Jordan product x oy = "y% and with the inner product x|y = trace (x ¢ y), where zy and yx are the usual products
of £ by y and the usual product of y by 2. Now we consider the Euclidean Jordan subalgebra A of Sym (n, R) spanned by I,
and the natural powers of A. We have that rank (4) = 3 since has three distinct eigenvalues and is a three dimensional real
Euclidean Jordan algebra. Let B = {E}, Es, E3} be the unique Jordan frame of A associated to A, where

E :11 +1A+ (U= A = 1),
|tln+1—k n—|—r—k T—k
_ AT
2T a0 -1) nt n(f0—1) +n(0—‘c) n )
On+k—0 —n+k—10 k—0

E; = A+ (Jy—A—1,).

n(6 — 1) nt n(0 — 1) n(6 — 1)

Let’s consider the real positive number z such that z < 1, and let’s consider the binomial Hadamard series

+o0 _ 5 120\ /o
S, = IZU(—I)Z( IZ> (%) . The second spectral decomposition of S, relatively to the Jordan frame B is
3

S, = Z q.,E:. Now, we show that the eigenvalues g;, of S, are positive.

i=1

Since (—1)1(_12) — (_1)1 (=2)(—z—1)(-z—=2)--(—z—14+1) then
(_1)l<z> — (—1)* @)ez+1)(z+2) - (z+1-1) -0

/ /! -

n _ 9 2, 12\ [
Now, we have S,, = > (—1)l< IZ) (h#) . Since 4% = kI, + A4 + u(J, — A — I,,)) then we conclude that
1=0

(4> = 0°1,)° (I, + A+ u(J, — A —1,) — 0°1,)*

K k!

(k= O, + 24+ uJ, — A~ 1)

— 7
(k— 0L, + A+ py2(J, — A —1,)
k— 0 2’ 2
L;—L1+FA+:Q/—A—A)

Let’s consider the second spectral decomposition S,, = qnle 1+ q,9.E2 + q,3.E3. Since A > p then we have that |t| < 0 and

therefore ||* < 07 and since 6* < k* then the eigenvalues of £=0In gre positive. Since for any two matrices Cand D of M, (R)
we have Ay (C) Anin(D) < Anin(C o D) and since Bis a J ordan frame of A that is a basis of A and A is closed for the Schur
. 2\ o
product of matrices we deduce that the eigenvalues of (W) are positive. So we conclude that the eigenvalues gy, for

1=1,---, 3 of S,, are all positive.
Since gy, = im0y Go, = IMysi0Gss g3, = limMy,—100q,3, then we have g, > 0,g,, > 0 and g;, > 0. We must say

that S.E; = q,,E1,S.Es = q5,E5 and S.E; = g, E3, hence we have: ¢, = PR = (12)2 + s /l k+ k4 = (n—k—-1),

/(4

9o = i (k o“-—"_ k*lz 0+ (= ,f’z(_g_l) and g, = =k o”-+ (= 2 T+ ﬂ2 ( T_l)'
G ) B
Let’s consider the element S;, = E30S, of A. Since the eigenvalues of FE; and of S, are positive and since
Janin (E3) Aunin (S2) < Amin(E3 0 S,) then the eigenvalues of Ej o S. are positive. Now since k < § and 4 > u and by an asymp-
totical analysis of the spectrum of E3 o S, we will deduce the inequalities (16) and (21) of the Theorems 3 and 4 respectively
are verified.
Now, we consider the second spectral decomposition E3 o S, = q3 E1 + g3 E» + ¢35 E3. Then, we have

. On+k—0 1 —-n+k—-0 1 k—0 1
s = n(0 — 1) (kh(k;vz)z)z—'_ n(0— 1) (151]{_4,12>zk+n(0—r) (klkf_fﬂ)z

(n—k—1), (11)

k
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On+k—0 1 —-n+k—-0 1 k—0 1
3 -1 12
s = n(0—1) ( —(k—0*)? ) + n(0— 1) (kt)?)zr * n(0—r1) (k4 ;,2) (= 1), (12)
Kt Kt Kt
‘ On+k—0 1 —-n+k—0 1 k—0 1
S = 0 —0—1). 13
T = 70— 1) (k4—<k—02>2)z * n(0 — 1) (k4—/12)z * n(0 — 1) (k4—u2)z ( ) (13)
pEs pEs P
Now, since 9"”‘ 9 + ”’*k 9k + - " 9 n—k—1)=0 then A% (n—k—1)=—Ontk0_ —ntk-0p and consequently the
n( n(0—1) n(0—1) n(0—1)
parameter g; takes the form.
o2\ K- (k—02)2\* o2\ ? 4_2\*
, _Ontk-0 (kf) _< K ) pontk-o <"4u) _<k"ﬁ) k (14)
q3, = 2\2\ Z 5\ Z 2\ 2 z )
3 n(0 — 1) (1 _ <k,kgz)z) (1 B %) n(0—1) (1 _ z_1> (1 _ Z_Z)

(Y koo () - () 0. (15)

93 = n(0— 1) (k47<21792>2)z(k4k__1ﬁ)z + 20—1) (%)Z(y;—fﬁ)z

Using the fact that k < % then we conclude that =4 > oo

Theorem 3. Let n, k, it and A be natural numbers withn — 1 >k > p and X be a (n, k; A, p)-primitive strongly regular graph
with distinct eigenvalues k, 0 and ©. If k <% and 2 > u then

20+1 ) k
k4 2 k4 2
P =l B (— ’2) (16)
K —(k—07) k=2
Proof. Since g3, > 0 and recurring to the equality (14) we deduce the equality (17).

onvi—o () - (55 il () - () > 0. (17)

O\ () ) ) 0 L ) )

Making, some algebraic manipulation of equality (17) we obtain the inequality (18).

K-2\" AN N
(k'12) 2n—k—&-@k 1( 1:12)_4(1(‘ 2)22
( ) ) On+k—0 (k%) _(k—%—v))

Calculating the limits of the expressions of both hand sides of (18) when z approaches zero we obtain the equality (19).

ko () ~m(5E) )

TOn+k—-0"\q, (wk—_ﬁ) I (k'e(/;;e-)?)

(18)

Now since (v2v(l)1)en k <% we have #=%% > —l_ and after some algebraic manipulation of the inequality (19) we obtain the
inequality .
k In (k47u 2)
2
1 20
o 20+ 1 In ( k2 ) ( )
K= (k—0%)?

, o\ 20+1 e\ b
And, finally we conclude that (T%) > (k4:’;2) .

Theorem 4. Let n, k, u and A be natural numbers and let X be a (n, k; A, p)-primitive strongly regular graph with
n—1>k>pub >k p<iand with the distinct eigenvalues 0, © and k. Then
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) 20+1 0
Ll N (s (21)
k4_(k_92)2 k47/12 .

Proof. Now since g3, > 0 and recurring to the equality (15) we obtain that

on k= 0 | (quzuz)z _ (1#—(;—92)2)2 . kg (k?ﬁ)z _ (k4k—4).2>z . (22)

o\ ) o | e

From (22) we deduce the inequality (23).

<k4_12)z k40 <k4—u2>z _ (k4_/12>z
K n— I3 [S
> .
(k4,<k,92>z)z T On+k—0 (kt/ﬂ)z _ (k4,(,(,92)z>z ’ (23)
K K K

Calculating the limits of the expressions of both hand sides of (23) when z approaches zero we obtain the equality (24).

_kapo [In o) _qp (1 — k=2
e (e 2

Now, since when k < § we have {;’njr"kt‘; > ﬁ and after some algebraic manipulation of the inequality (24) we obtain the
inequality (25).

k47’u2
0 In (ktﬁ)
1> — (25)
2041 \In (At

A poe \20H e\’
nd, finally we conclude that (ﬁ) > ( ) .

(k=07 k-7

Preliminares on quaternions and octonions

This section is a brief introduction on quaternions and octonions. Good readable texts on this algebraic structures can be
found on the works [37, 38]. Now, we consider the real linear space A of quaternions spanned by the basis B = {1,1, j,k},

where the elements of B verify the following rules of multiplication i = /> = k* = —1 and
1) ij=—ji=k
2) k= —kj =i
3) ki = —ik = j.

So, we can write A = {ogl 4 017 + oaj + 03k, g, 01, 02, o3 € R}. Given a quaternion z = xy1 + 214 + z5j + 23k we call to
7y the real part of z we denote it by Re (z) and we call to i+ 297 + 23k the imaginary part of z and we write
Im (z) = z1i + 297 + 3k.

One says that a quaternion z is a pure quaternion if Re (2)=0 and if z = Re (z) one says that the quaternion z is a real
number.

For discovering the equalities for multiplication describe above we must use the diagram of Fano, see Figure 2.

When we multiply to elements of the set {i, j, k} we use the rule: when we multiply two elements in clockwise sense we
get the next element, so for instance we have jk = 4, but if we multiply them in the counterclockwise sense we obtain the next
but with minus sign kj = —1.

And, therefore we obtain Table 1 of multiplication of two elements of A.

If we consider x = xo1 + x1i + x9j + x3k and y = y,1 + y,i + y5j + y;k we obtain the following expression for the product
T * y,

Xx Y = XYy — (X1 + XoVy +X35) + X0 (Vi + yof + y3k) + vy (xid + X9 + x3k) + (xays — x35)i + (X3 — x133)) + (1, — X9y k.

Using the notation Re (x) = xp and Im (x) = x1i + x5/ + x3k we conclude that

xxy = Re(x)Re(y) — Im (x)|Im (y) + Re (x) Im (y) + Re (y) Im (x) + Im (x) x Im(y).
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Table 1. Table of multiplication of quaternions.

Ty 1 i j k
1 1 i j k
i i -1 k —j
j j —k -1 i
k k J —i -1

Figure 2. Diagram of Fano for quaternions.

For a quaternion x = x1 + x1i + x5/ + x3k we define we define ||x|| by the the equality ||x|| = /X2 + x3 + x3 + x2. Now, we
will show that x*y = yxX. Hence, we have the following calculations:

x%y = (Re(x) + Im (x))*(Re () + Im ())

= Re(x)Re(y) — Im( )| Im (y) + Re( )Im (y) + Re (¥) Im (x) + Im (x) x Im ()
Re (x) Re (v) = Re (x) Im () — Re (v) Im (x) — Im (x)[ Im (y) — Im (x) x Im (y)
= (Re (y) = Im (¥))*(Re (x) — Im (x))

= (Re(y) + Im(y))*(Re(x) + Im(x))

=J*X.
In a similar way, we deduce that ||x|| = v/x *X. The i inverse of a nonzero quatermon z is define as an element 2~ ! such that
1 ol
zxx ' = 2 'xz = 1. But since x+X = x*x = x[¥ = ||x||° = x¥, where 27 = zx . then, x ! =

HXH

Now, we will introduce the real linear space of octonions. A= {xq+x1f1 +xofs + X3f3 + X474 + X515+
Xofs + x7f7,x € Ryxg € Ryx; € Ryi=1,---,7} where the elements of the basis B = {1, f1, /5, f3, f1, f5, f6, f} of A satisfy
the rules of multiplication presented in Table 2 below and deduced using the diagram presented in Figure 3.

Now, we fulfill the table recurring to the diagram of Fano, for instance we have fof; = f; but we have f;fo = —f; since the
sense from f; to f> is contrary to the sense of line that contains fy, 5 and f;.
The conjugate of the octonion X =Xo +X1f1 +Xofo + X3f5 + Xofs + X5./5 + X6 f6 + X7f7 is

X =xo — x1f1 — Xofa — X3f3 — x4f1 — X5/5 — X6/ — x7f7 and the real part of the octonion z is Re (x) = xy and the imaginary
part of the octonion is Im (x) = x1 /1 + xofs + - - - + x7/7. We define

x| = Vx*X = \/xg +x] +x3 + - + x5

Table 2. Table of multiplication of octonions.

=y 1 fh L H Bk

1 1A LB A B f
h A -1 B —hL s —H = f
L L~ -1 A & fF £ —f

L A 5 -k - -1 A L B
5 i = fs -h -1 = £
s fo ff i —F £ £ -1 —fi
% K H -k K A -1
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Figure 3. Diagram of Fano for octonions.

Using the table of multiplication 2 we obtain for x = x4+ x1f1 + Xofs + x3/3 + x4fs + x5/5 + X6/ + x7f7 and for
Y =Yo i +ofa + yafs + vufi + ysfs + yefo + y2f7 we obtain

x4y =XV + X0 (V1.1 + Yol + Vafs + yafi + vifs + vefo + yofo)+

+yo (11 +xaofs + X33 + Xafs +x5f5 + X fs + x2f7)+

—X1Y1 — X2Vy — X3V3 — X4Yy — Xs5f5 — XeVg — X7¥;+

F(X0y3 — x32)f1 + (X3py — X133)f2 + -+ -+ (X1 — Xoy1) f7-
We must note that: x+y = Re (x)Re () + Re (x) Im (¥) + Re (y) Im (x) — Im (x)|Im (y) + Im (x) x Im (y). Proceeding
like we have done for the quaternions we deduce that X%y = y*X. We define the norm of an octonion as being

|Ix|| = /X3 +x} +x3 + - - + x2. We, must say, again that ||x|| = v/x+¥. Let 2 be an octonion such that ||x|| # 0 then the
inverse of zis x~! = W, since zxz ' =z 'xz— 1.
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