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Abstract — Logical entropy gives a measure, in the sense of measure theory, of the distinctions of a given
partition of a set, an idea that can be naturally generalized to classical probability distributions. Here, we
analyze how this fundamental concept and other related definitions can be applied to the study of quantum
systems with the use of quantum logical entropy. Moreover, we prove several properties of this entropy for gen-
eric density matrices that may be relevant to various areas of quantum mechanics and quantum information.
Furthermore, we extend the notion of quantum logical entropy to post-selected systems.
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1 Introduction

Entropy is one of the paramount concepts in probability theory and physics. Even though information does not seem to
have a precise definition, the Shannon entropy is seen as an important measure of information about a system of interest,
while the Gibbs entropy plays a similar role in statistical mechanics. A possible and, in a sense, natural extension of these
classical measures to the quantum realm is the von Neumann entropy. Despite playing a fundamental role in many appli-
cations in quantum information, the von Neumann entropy was criticized on several different grounds [1-3]. In a nutshell,
while classical entropy indicates one’s ignorance about the system [4], quantum entropy seems to have a fundamentally dif-
ferent flavor, corresponding to an a priori inaccessibility of information or the existence of non-local correlations. In this
perspective, classical entropy concerns subjective/epistemic indefiniteness, while quantum entropy is associated with some
form of objective/ontological indefiniteness [5], although this reasoning can be contested. To address conceptual problems
like this one, the non-additive Tsallis entropy and other measures were proposed [1, 6, 7].

Classical logical entropy was recently introduced by Ellerman [8, 9] as an informational measure arising from the logic of
partitions. As such, this entropy gives the distinction of partitions of a set U. A partition 7 is defined as a set of disjoint parts
of a set, as exemplified in Figure 1a. The set can be thought of as being originally fully distinct, while each partition collects
together blocks whose distinctions are factored out. Each block represents elements that are associated with an equivalence
relation on the set. Then, the elements of a block are indistinct among themselves while different blocks are distinct from
each other, given an equivalence relation.

With these concepts in mind, it seems that the extension of this framework of partitions and distinctions to the study of
quantum systems may bring new insights into problems of quantum state discrimination, quantum cryptography, and
quantum channel capacity. In fact, in these problems, we are, in one way or another, interested in a distance measure
between distinguishable states, which is exactly the kind of knowledge the logical entropy is associated with.

This work is an updated and much extended version of a previous preprint that proposed the study of quantum logical
entropy [10]. In this new version, like in the original one, we focus mostly on basic definitions and properties of this quantity.
Other advanced topics were either treated in previous research, like in [11], or are left for future investigation. However, as it
will be further elaborated upon across the text, the results presented here lay the groundwork for various theoretical appli-
cations — even for scenarios involving post-selected systems.
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Figure 1. Pictorial representation of a set with a partition and its distinction. (a) A set U with six elements u; is divided in a partition
7 with three blocks (green areas). (b) The set U x U has each of its points characterized by a square in a 2D mesh. Points that belong
to dit(m), i.e., pairs whose components belong to different blocks are colored in green.

To set the framework, we start with a brief overview of classical logical entropy. For that, consider a finite set U and a
partition 7 = {B;} of U, where each block B; is a disjoint part of U. Moreover, denote by dit(n) the distinction of the
partition 7, i.e., the set of all pairs (u, &) € U x U such that u and «' are not in the same block B; of the partition 7,
as illustrated in Figure 1b.

The logical entropy L, (U) is defined as

_ |dit(m)]

Ln —rr o 171
) =155%0]

(1)

where | - | denotes the cardinality of the set. In other words, L, (U) is the probability of getting elements from two
different blocks B; after uniformly drawing two elements from U. Therefore, it is a measure of average distinction.
If each element of U is assumed to be equally probable, we can write py = |B;|/|U| and, thus,

L(U)=1=> pj. (2)

Bien

Furthermore, if a probability p, is assigned to each element u; € U, the above expression can be applied to the partition
7 = 1y with element-blocks given by {u,}. This leads to

L{p}) =Ly (U) =13 p =D p(l-p). (3)

Therefore, L({p;}) is the probability to draw two different elements u; consecutively. To generalize it even further, one may
consider an arbitrary set U with a countable number of blocks. In this case, the idea of logical entropy is extended to
countable probability distributions.

Starting from this definition, other concepts, like logical divergence, conditional logical entropy, and mutual logical
information [8], can also be introduced along the same lines.

It should be noted that the formula for logical entropy is rooted in the history of information theory, preceding by at
least a century its relation to the logic of partitions introduced by Ellerman. In fact, it can be traced back to Gini’s index
of mutability [12]. Also, Polish Enigma crypto-analysts and, later, Turing used the term “repeat rate” [13-15], which is just
the complement of the logical entropy. Moreover, it coincides with the Tsallis entropy of index 2 and, as a result, resembles
the information measure suggested by Brukner and Zeilinger [1, 2] and Manfredi [7] for applications in quantum mechanics.

Here, we follow standard methods from quantum information (e.g., [16]) to extend the notion of logical entropy to quan-
tum states. In this approach, the set U becomes the state of a quantum system, i.e., an element of a Hilbert space. With that,
besides adding new results, we generalize the ones originally presented in [17], supporting them with formal proofs regarding
quantum density matrices. We hope that the discussion we present will shed new light on this intriguing informational
measure.

Since the writing of the original manuscript [10], additional works in this area have elaborated on the topic [18-23].
Still, we expect that the updates added here will provide new insights into the subject. In fact, within the next
section, we present a new road to the introduction of quantum logical entropy that makes its connection with the idea
of partitions present in the classical definition more evident. After that, in the section with the properties of quantum
logical entropies, we prove some results that were not present in the original manuscript and simplify the proofs to others
that were already on it whenever possible. Moreover, we added a section where new definitions of logical entropy for
post-selected systems are introduced. To conclude this work, we further discussions some aspects of our study in the final
section.
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2 Quantum logical entropy

Every projection-valued measure (PVM) defines a partition 7 in a Hilbert space in the sense that it provides a direct-
sum decomposition of the space [24, 25]. In fact, recall that a PVM is characterized by parts B; = |b;) (b such that >_.B; = 1.
Then, the probability that two consecutive measurements of copies of a state p in such a Hilbert space will belong to distinct
parts is

Le(p) = D tr(Bip)[1 = tr(Bip)]. (4)

Observing that tr(BjpB;) = tr(B;p) and B,pB; = tr(B,p) B;, which implies that [tr(B;pB,)]* = tr(B;pB;)?, the quantity L.(p)
can be rewritten as

1

La(p) = > tx(BipB;) — > [tr(BipB;))*

= tr (XI: BipB[> —tr [ZX: (BipBi)2:| (5)
= trp’ — tr(p')
= tr[p'(I — p')],

where p' = > (BpB,) is the measured density matrix p with the PVM associated with n. The operator p’ is sometimes
referred to as Liders mizture (see, e.g., [26]) since it was introduced by Liiders [27] as a generalization of the state update
rule proposed by von Neumann in his seminal book [28].

Expression (4) already defines a logical entropy for the state p for a given partition 7 (characterized by a PVM), as
represented in Figure 2. Observe that this definition can be applied even in cases of coarse PVMs, i.e., PVMs with
degeneracy. In this sense, and perhaps somewhat differently from the von Neumann entropy, the logical entropy has a clear
operational meaning directly associated with its definition.

The dependency on PVMs should not come as a surprise since, even classically, as already seen, the logical entropy, in
general, depends on the partition. However, if we wish to have a PVM-independent quantum logical entropy, we can define

L(p) = min{L,(p)|wisnon — degenerate}. (6)

While this is not the only possible definition, it coincides with the one that is typically considered in the literature, as shown
next. It is, also, in a certain sense, a “natural” choice. In fact, it turns out that the PVM that minimizes L, (p) is the

one associated with a basis for which p is diagonal, in which case p = p’. To see that, let p = 30,14 (j| be a representation
of p in the basis associated with the projectors B;. In this same basis, p’ = ;0.9 (i]. Moreover,

trp? = Z |.0ij|2 = trp’2 + Z Z |pij|27 @
ij

i J#i

which implies that L(p) = 1 — trp® + ;3" ,p;|°, which is minimized whenever p is diagonal in the basis associated
with the projectors B;. Since this is the case for every non-degenerate PVM, we conclude that

L(p) = tr[p( = p))- (8)

This is the expression that was defined as the quantum logical entropy in the original version of this work [10] and has, ever
since, been used in the literature (see, e.g., [23]). In this update of the work, however, we introduce the quantum logical
entropy through definition (4). In this way, we keep the conceptual connection to the idea of partitions present in the
original (classical) formulation of the logical entropy.

Observe that equation (7) can be rewritten as

L) =Llp) =D > oyl 9)

i #

This means that the change in logical entropy due to a PVM is associated with the coherence of the initial state in the basis
characterized by the PVM. In particular, PVMs do not decrease the logical entropy, i.e., L(p) < L(p’).

It should be also noted that quantum logical entropy can be reduced to the complement of the purity of the state p,
which is given by y(p) = trp?. In fact, the expression for this entropy coincides with what is sometimes referred to as
impurity or mizedness [29]. Furthermore, similarly to the classical case, the logical entropy is also equivalent to the quantum
Tsallis entropy of index two, which, in turn, is equivalent to the so-called linear entropy — although its most appropriate
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Figure 2. Representation of the probability distribution used in the definition of quantum logical entropy. Any state p, together with
a partition characterized by a PVM, which is associated with an orthonormal basis in the corresponding Hilbert space, defines a
probability distribution. This is the case even in case of coarse (i.e., degenerate) PVMs, as illustrated by the yellow partition. These
distributions allow the introduction of (PVM-dependent) logical entropies for quantum systems.

name should be quadratic entropy, as it was referred to in [30]. While this seems to weaken the novelty in introducing the
quantum logical entropy, observe that the connection with partitions, which is the starting point for that, may bring new
insights and understanding to those already known quantities. Moreover, other definitions, like logical divergence and con-
ditional logical entropy presented next, are added on top of it. They have the potential to help in the study of various sce-
narios in quantum information.

With that, we introduce the quantum logical divergence as

d(plle) = 2txp(l — o) — L(p) — L(o). (10)

Note that there exists a relation between the logical divergence and quantum fidelity, defined as

Fno) = (in/Vanvs) ()

In fact, definition (10) can be rewritten as
d(plle) = »(p) + v(0) — 2tr(po). (12)

While the term tr(po) is not equivalent to F(p,s) in general, there exists an apparent similarity between them. This
becomes more evident in cases where p and ¢ commute, for which F(p, ) = (tr\/p_a)Z. Moreover, the two are equivalent
if p and ¢ are pure states.

It should be noted that the logical divergence between a density matrix before and after a PVM measurement is simply

d(pllp") = L(p") — L(p). (13)
Finally, we can also introduce the quantum conditional logical entropy as
L(4/B) = L(pap) — LU /d & pp), (14)

where d is the dimension of A. Moreover, here and throughout the text, we denote p4 = trp pap and P = try pap-
Observe that the conditional logical entropy can be reduced to a special case of the logical divergence. In fact, since

1
trlp,s(l —=1/d @ pg)] =1 — ;trp%, (15)
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and

1
L{I/d @ pg) =1 = —trpy, (16)

it follows from the definition of both entropies that
L(4/B) = —d(pys|l1/d @ pp), (17)

proving the relation between conditional logical entropy and logical divergence. As a result, they share multiple
properties.

Observe that, different from other logical entropies, the conditional logical entropy is negative. However, this does not
affect its close relation to probabilities since the function is always non-positive. Hence, the overall negative sign can be mit-
igated. In fact, one could, for instance, replace the original definition by its additive inverse. This is not done here to main-
tain a similar algebraic structure between the definition of conditional von Neumman entropy and conditional logical
entropy.

In the following section, we state and prove various properties of quantum logical entropies.

3 Properties of quantum logical entropies

Proposition 3.1 (Basic properties).

(a) Logical entropy is non-negative and L(p) = 0 for a pure state.

(b) The maximal value of the logical entropy is 1 —1/d, where d is the dimension of the Hilbert space. This value is the
logical entropy of the mazximally mized state 1/d.

(¢) Given a composite pure state p 45 on the space (A, B), it follows that L(p ) = L(ppg).
(d) If pap = P4 ® pp, then

L(p, ® ps) = L(ps) + L(ps) — L(p4) - L(p5)- (18)
Proof.
(a) This follows from the definition since the logical entropy is a probability. However, another way to verify it is by
observing that for every density matrix, trp = 1 and trp? < 1, with equality if and only if p is pure.

(b) Let {4;} be the set of eigenvalues of a density matrix p. Then, using the Cauchy—Schwarz inequality for two vectors
uand v whose components are, respectively, u; = 2; and v; = 1/d, it holds that trp? > 1/d. Therefore, L(p) <1 —1/d.
Note also that L(I/d) =1 — 1/d.

(¢) The result follows immediately from the Schmidt decomposition since A and B have the same orthonormal set of
eigenvectors.

(d) The result follows from writing p4 and pp in their diagonal form and, then, using the identity

I-=x)+1=-y)-(0-x)1-y)=1-xp (19)

O
Observe that part (d) of the previous proposition states, in particular, that the logical entropy of separable bipartite systems
is subadditive, i.e.,

L(pap) < L(py) + L(pp)- (20)

The next proposition generalizes this result for generic bipartite systems.

Proposition 3.2 (Subadditivity). The logical entropy of a density matriz p p is subadditive.
Proof. This result was proved in 2007 by Audenaert for any quantum Tsallis entropy of index greater than one [31], which,
in particular, includes the logical entropy. O
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Although the quantum logical entropy satisfies the subadditivity property, it should be noted that, differently from the
von Neumann entropy, it does not satisfy the strong subadditivity, i.e., in general, it does not hold that

L(pagc) + L(pp) < L(pap) + L(ppc)- (21)

However, the logical entropy satisfies a condition called firm subadditivity, which is characterized as follows: Given a PVM
defined by blocks A in a subsystem A of a bipartite state p4p, the logical entropy is said to be firm subadditive if

L(pas) < L(pa) + D _piLpy), (22)
x
where p, = tr(Aip,) and pyply = tra(Aip,p).

Proposition 3.3 (Firm subadditivity). The logical entropy of a density matriz p 5 is firm subadditive.
Proof. This result was proved in 2011 by Coles in Theorem 5 of [30]. O
In our next result, we show that the logical entropy satisfies a triangle inequality.

Proposition 3.4 (Triangle inequality). For any density matriz p 4p, it holds that

IL(p4) = L(ps)| < L(p.)- (23)
Proof. Let R be a system such that p4pp is pure. From Proposition 3.2, we deduce that

L(pgr) < L(pg) + L(pg)- (24)
Moreover, Proposition 3.1(c) implies that L(pg) = L(pap) and L(p4) = L(pgr). As a result,

L(ps) = L(py) < L(p4p)- (25)
A similar reasoning leads to

L(ps) = L(pa) < L(pap)- (26)
Therefore, inequality (23) holds. O

As discussed earlier, by definition, a PVM cannot decrease the logical entropy of a system. Our next result shows that
this is the case not only for PVMs but for any unital map A, which is a map that preserves the maximally mixed state, i.e.,
Ay (I/d) = I/d, where d is the dimension of the Hilbert space. Note that for every positive operator-valued measure
(POVM), which is given by a set of semi-definite matrices {E;}}_, with >} E; = I, there are many corresponding imple-
mentations M; such that E; = M jM ;. B; are positive semidefinite and so M; = P,;U; where P, is a unique Hermitian positive
semidefinite (also denoted P; = v/E;) and U; can be any unitary. Choosing U; = I, we obtain a unital implementation
Au(p) = S0 MipM of the POVM.

Proposition 3.5 (Entropy after a unital map). For any unital map Ay, it holds that
L(p) < L(p"), (27)

where p' = Ay(p).
Proof. Recall that given two vectors x and y of dimension n, y is said to majorize z, which is denoted by z < y, if
S xt < SOyt for every k< mand Y0 x; = S0y, where x! is the vector z reordered so that its components are in
non-increasing order. Then, as stated in Lemma 3 of [32] and proven in [33, 34], given two density matrices p and ¢ of equal
dimension, p can be converted into ¢ via some unital map A if and only if the vector of eigenvalues of p majorizes the vector
of eigenvalues of . In our case of interest, if z is the vector of eigenvalues of p’ and y is the vector of eigenvalues of p, 2 < v.
Moreover, as shown in Proposition 12.11 of [16], z < y if and only if x = 27:1 p;P;y for some probability distribution p;
and permutation matrices P;. Now, letting P; be the permutation matrix associated with the permutation ¢;, we can write

X, = 27:1pjyaj<i). As a result, x* = Z?’:le gives

d m 2 d m
J=

d
=1 \ j=1 i= i=

Z ijpkyrrj([)y(rk([)' (28)

T =1 kA
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. m .
Furthermore, since > 7" ,p; =1,

Therefore,

\<M

|

><l\')

I
]
™=
]
S
RS

TN
‘<
\Q
=
K]
N——

i=1 j=1 k#j
d m )
SOOI N (zyg, +3Va) —ya,.@-)ygk(,-)) (30)
i=1 j=1 k#j
. d m
=322 Zp,-pk(ya, Vol ) > 0.
=1 j=1 k#j
Since x and y are, respectively, the vectors of the eigenvalues of p’ and p,
tr(p)* < trp’, (31)
which implies that inequality (27) holds. U

Suppose a system of interest interacts unitarily with other systems whose individual states are not under experimental
control, e.g., the environment. Such interactions can be effectively represented by unital maps acting on the system of inter-
est, i.e., a system of interest that starts in the state pg can be repersented by p'y = ZiE,-pSEj after the interaction. Then,
from the previous proposition, the system of interest’s logical entropy increases. In particular, the lower bound for the logical
entropy should no longer be null. This lower bound as well as an upper bound in case the joint system is pure is the concern
of the next result.

Proposition 3.6 (Entropy after unitary interaction). Assume a system S interacts with a system R through a
unitary U. Also, let the joint system after the interaction be p'sy = UpgrU' and define B;; = (ilp' 17}, where pgg is the state
of the joint system before the interaction and {|1)} is an orthonormal basis of system R. Then,

L(p's) > 2 > {tr(ByBl) — Re[tr(BiBy)]}, (32)
i<
where p'g = trpp’ g, Furthermore, if pgr is a pure state,

Lps) <23 tr(ByBY). (33)

i Jj<i
Proof Observe that p's = 3°,B;; and hence p);’ = > BB As a result,
L(p's) =1 =3 tx(B}) = 30 X tx(BiBy)

i j#i

= 1- T tx(8}) - 25 S Reltr(8;8,)].

i j<i

(34)

Moreover, p'sy = ,.B;; ® [i){j] and P = > BBy @ [i)(j|. Then, since trp'g” < 1,

1= te(BY) =D ) tx(ByBy). (35)

i JFI

Finally, combining expressions (34) and (35), we obtain inequality (32), which completes the first part of the proof.
Now, if pgr is a pure state, which implies that p'sg is also pure, trp’g;> = 1 and, as a result, expression (35) becomes an

equality. The left-hand side of the latter is greater or equals to L(p's), as can be directly seen from (34). Therefore, we are

lead to inequality (33) holds, completing the proof. O

Proposition 3.7 (Entropy of classical mixtures of quantum systems). Let p = Y p;p;, then

L(p) < LUp}) + Y pil(py), (36)

where L({p,}) is defined in (3). Moreover, the equality holds whenever the matrices p; have orthogonal support.
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Proof. To start, assume the states p; are pure, i.e., p; = [y) (¥,|. Then, p = > ") (¥, Introducing an auxiliary system R
that purifies p, the state of the joint system can be written as [Wsz) = > ;\/p; [W,) i), where {[4)} is an orthonormal basis of
system R. Observe that p = pg and

pR:ZZ(</I¢,~><¢,~|/>)Ii><1‘| VPi\/Pj (37)

where {|/) } is an orthonormal basis of S. Also, by Proposition 3.1(c), L(pg) = L(pg).
If pg is measured with a PVM characterized by P; = |4)(i], it holds that

Pr= ZPipRPi = Zpi li) (il . (38)

This implies that L(p'g) = L({p;}). Since PVMs increase the logical entropy,
L{p:}) = L(p's) = Lpg) = L(ps)- (39)

Since the logical entropy of pure states vanish, the above expression proves the proposition for cases where the matrices p;
are pure states.
For the general case, let p; = > ;i1 4;) (4;j], where the states |1);; are orthonormal vectors in the subspace associated with

pi- Hence, p can be written as the sum of pure states p = > ;pd;{4;) (4;] (not necessarily all orthogonal). Now, using the
result for pure states we just obtained, it holds that

L(p) < L({p;/4})
=1- pr}l?/

=1-XA+ TR0 -1 2) o
=L({p}) + ;p,%L(pk%

as we wanted to show.
Finally, it follows from direct computation that the equality holds whenever the matrices p; have orthogonal support. In
fact, in this case, p? = > p?p? and, as a result,

L(p) =1 =3 pjtrp}

(41)
=1->p + ZkIpZ(l — trp}),
which concludes the proof. d
In the next result, we prove the non-negativity of the logical divergence.
Proposition 3.8 (Klein’s inequality). The logical divergence is always non-negative, i.e.,
d(plle) = 0 (42)
for every pair of density matrices p and o, with equality holding if and only if p = .
Proof. Tt follows by direct computation that
d(pllo) = tr(p — o)". (43)
Then, recall that for any Hermitian matrix A, tr(A®) > 0, with tr(A%) = 0 if and only if A = 0. O

It should be noted that (43) defines the logical divergence as the square of the Hilbert-Schmidt norm of the difference of
the two density matrices under consideration. Moreover, it can be shown that this norm coincides with a natural definition
of the Hamming distance between density matrices [23].

In the next three propositions, we study the concavity of logical entropies.

Proposition 3.9 (Concavity of logical entropy). Let p = > p;p;, where p; is a density matriz for each i and 0 < p; < 1,
such that > p; = 1. Moreover, set L(p) = > p,L(p;).
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(a) If p; have orthogonal support, then

L(p) < L(p). (44)
(b) In general,

L(p) = L{p:}) < L(p) < L(p) +L({p;}), (45)
where L({p;}) is the classical logical entropy of the distribution {p;}; In other words, L(p) is in the L({p;}) neighborhood
of L(p).

Proof.

(a) We will demonstrate the argument on two density matrices p; and p, having an orthogonal support. Set p; =
il (il, py = >2,q;15) (Jl, where [4) and |j) are two bases with orthogonal support, also set p = p1 + (1 — 4)
0o, where 0 < A < 1. Now,

L(p) = 2L(py) + (1 = 2)L(ps)
=A1=2p)+ 1= =3q)

zl—in?—(l—)v)qu..

J

(46)

However,

Lip)=1=7*) pi=(1=2"> 4} (47)

J

Therefore, inequality (44) holds.
(b) Consider p,z = >_.p:p; @ i) (i], s0 papis asum of densities with an orthogonal support. From the result in part (a) and
Proposition 3.2, it follows that

L(p) < L(paz) < L(pa) + L(ps)- (48)
However, p4 = p and L(pg) = L({p;}), which leads to
L(p) — LUp:}) < Llp), (49)
proving the first part of inequality (45). To conclude the proof, we first show that L(p) < L(p) + L({p;}) for the case
where the matrices p; are pure states, i.e., p; = |[¥;){,| . For that, consider the following purification of the system:
) = Z\/EW) ® [i), (50)

where the vectors [i) are orthonormal in some system B. Moreover, denote p = |) (n|. It is clear, then, that

p=ps= 27]91 ;) (| and

ps = Z\/pipj<wj|lpi> ) (Jjl - (51)
ij
Note that the vectors |y;) are not necessarily orthogonal. Measuring system B with the operators P; = |4)(i|, we obtain

py = y_.p: 1) (i|. By Proposition 3.5, L(pg) = L({p;}) > L(ps) = L(p), where we used Proposition 3.1(c) in the last step.
Therefore, for p which is a sum of pure states, we have L(p) < L({p;}), which is consistent with (45) since, in this case,

L(p) =0.
Consider now the general case where p = > .p; p; with

pi= Y plle) (el (52
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Here, {|e}) } ; are orthonormal vectors for each i. Hence,

p =3 ppllel) (€]l (53)

where |€]) { e]| are pure states for every i and j. We can use the previous result for pure states to conclude that
L(p) < L({ppi}) = >_pi(1 — pi])- (54)
ij
Using the fact that, for x;,x; € [0, 1],
1—xx; < (1—x)+(1—x;), (55)
we are led to
L(p) < %)pipf(l —-p)+ %Ipilf{(l - pl)
= LUpd) + 2 pLip),

where we used the orthogonality of the set of vectors { |€}) } ; for each i. O

Proposition 3.10 (Joint convexity of logical divergence). The logical divergence d(pl|a) is jointly convez.
Proof. We start by defining p = Ap; + (1 — A)ps and ¢ = Aoy + (1 — A)ga. Then, it follows by direct computation that

d(pllo) = tr(p - o)’
= tr[A(py — 1) + (1 = A)(ps — 02))°

« )+ -1 : (57)
< tr(p, — 1) + (1= 2)tr(p, — 02)
= d(py|lo1) + (1 = 2)d(p,||o2),

where the inequality is due to the convexity of tr(z?). O

Proposition 3.11 (Concavity of conditional entropy). The conditional logical entropy L(A/B) is a concave function of

PaB

Proof. 1t follows direct from the relation given by (17) and Proposition 3.10. U
The next proposition states the fact that the divergence behaves as a metric. Tracing out a subspace can only reduce its

value.

Proposition 3.12 (Monotonicity of logical divergence). Let pp and 6 45 be two density matrices, then
d(ps®1/bllos @1/b) < d(paplloas), (58)

where b is the dimension of B.
Proof. As can be seen in Chapter 11 of [16], there exist a set of unitary matrices U; over B and a probability distribution p;
such that.

I
Pa®5 =2 pUipuU), (59)
J

for every p 5. Then, because the logical divergence is jointly convex on both entries, we can write

d(p, @ 1/bllos @ 1/6) <3 pd(Up,sUl|U 15U, (60)
J

Finally, since the divergence is invariant under unitary transformations, the above sum gives d(pap||045). Ol

4 Quantum logical entropy of post-selected systems

We shall now propose extensions of the notion of quantum logical entropy to the class of pre- and post-selected quantum
systems. Like before, we use the fact that every PVM defines a partition 7 in a Hilbert space given by a basis {|b;)}
associated with it since every PVM is characterized by parts B; = |b;)(b;] such that > ;B; = I Suppose that a system is
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prepared in a state |) and a PVM is performed. Moreover, assume that it is known that the system is later found in a state
|¢) non-orthogonal to |/). In scenarios like that, with a pre-selected |/) and a post-selected |$), the system can be repre-
sented by the generalized density matrix.

V) (ol

Pulo =1y " (61)

The probability of measuring a result associated with B; can be computed as [tr(Bip, ¢)|2 = tr(Bipy, d)B,-pf“ »)- This result is
known as the ABL rule [35]. Then, in analogy with the definition of logical entropy for classical and non-post-selected
quantum systems, we may define

La(pyp) = Z |tT(BiPw\¢)|2|1 - tr(BiPw\¢)|2- (62)

Since |1 — tr(Bipl/,‘¢)|2 =1—tr(BipypBi) — tr(B,-erwWB,-) + tr(B,—p,,,l(,)B,-pLWB,-), it holds that

Le(pyig) = Y trlBipyBill = BipyoBi)|” = [trlplyyy (1 = oy, (63)

where pj,, = >, Bipy,Bi.

Differently from the case without post-selection, where a PVM-independent logical entropy could be defined by
minimizing over non-degenerate PVMSs, this is not possible here. The reason is that we are interested in cases where the
pre- and post-selections are pure states. Then, although the minimum L,(pys) corresponds to the case where
tr(p’w #) = tr(py)4), it also corresponds to the null function. This is the case because in such scenarios the intermediate
PVM is associated with an orthonormal basis that contains either |/} or |¢). As a result, these PVMs allow us to see
Pylp as a partition with a single part.

Observe that, by construction, the logical entropy for post-selected systems is always positive. This fact contrasts with a
generalization of the von Neumann entropy proposed in [36], which can assume negative values for some post-selections.

Another approach for this problem employs directly the notion of weak values [37], which has been shown to be very
constructive in the study of pre- and post-selected systems [38-50]. This approach consists of replacing the intermediate
PVM by the inference of the weak values of orthogonal projectors associated with a specific PVM. Given a pre-selection
[/), a post-selection |¢), and a PVM characterized by parts (projectors) B, the weak value associated with each operator
B, is defined as tr(B; py¢). Since Y tr(B;pye), the weak values of this set of projectors can be seen as a quasi-probability
distribution. It is possible, then, to use these quasi-probabilities to construct a weak logical entropy for post-selected quan-
tum systems, which gives

L (pyy) = Z: tr(Bipys)tr[(1 — Bi)pyy)

= zl: tI"(Bipwp)[l - tr(B,-pr,)] (64)

=tr {PW (1 - P'wmsﬂ :

Here, again, a PVM-independent logical entropy cannot be defined. However, just like the extension of the von Neumman
entropy to post-selected systems [36], the weak logical entropy can be negative. Even further, it may be complex-valued.

While the operational meaning of L, (pys) is clear, it is not straightforward to interpret L) (p,4). One of the reasons is
that weak values are associated with weak measurements, and weak measurements do not divide the Hilbert space into
disjoints parts. In fact, weak measurements can be seen as an interpolation between the identity map, which does not dis-
turb the system but does not provide any information about it, and the associated PVM map, which provides maximum
information about the system [51]. The weaker the measurement, the bigger the contribution of the identity map in this
interpolation. It is clear from the discussion in this work that, while the PVM introduces partitions to the Hilbert space,
the indetity map does not make distinction between any part. This fact in itself can be seen as the reason we end up with
a quasiprobability (and not a probability) distribution.

However, consider the following game: A system is prepared in a state |i). Later, a weak measurement of one of the
blocks B; of a given PVM is performed. The system is then post-selected in the state |¢). If this process is repeated and
the PVM is composed by n blocks, then the probability that the weak measurement of a different block is performed is
simply (n — 1)/n. However, suppose that, instead, we wanted to refer to the obtained weak value as the quasiprobability
associated with each block. In this case, keeping an algebraic analogy to the classical logical entropy defined in (2) and the
PVM-dependent quantum logical entropy defined in (5), we obtain the weak logical entropy L (p,,)-

Interestingly, even though the logical and the weak logical entropies of post-selected systems are associated with
different operational meanings, it should be noted that
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L(pyp) = |L¥(P¢/\¢)|2- (65)

Thus, in this sense, the weak logical entropy is mathematically more fundamental than the logical entropy of post-selected
systems first introduced in this section.

5 Discussion

In this work we presented a new approach to the introduction of quantum logical entropy that maintains a clear
connection to the notion of partition. As we discussed, the PVM-independent definition of this entropy is equivalent to other
already known quantities. However, the perspective of partitions that comes with its introduction may bring new insights
into its use in the study of quantum systems within different scenarios. Furthermore, it may lead to the discovery of new
implications for the logical structure, uncertainty, and information processing associated with quantum systems.

In fact, the properties of logical entropies proved here may be relevant to quantum information science and technology
as well as other areas of quantum mechanics, as already shown, e.g., in [11, 52-55|. In particular, a special case of
Proposition 3.6 concerns quantum systems in the presence of noise. In this case, the logical entropy of the system of interest
after its interaction with the noise is bounded by correlations between this system and its environment. This scenario,
including an example of amplitude damping, was considered in [56]. Moreover, since the logical entropy is a measure of
distinction, it seems natural to use it in the investigation of channel capacity in terms of distinctions. We expect that
the language of quantum distinctions may simplify the proofs of channel properties. It would be also interesting to examine
the use of logical entropy in the context of entanglement quantification in discrete/continuous systems.

Notably, while some of the properties of logical entropies are similar to the ones held by the more widely studied
von Neumann entropy, many of them also evidence major differences. It stands out, for instance, that the logical entropy
does not fulfill the strong subadditivity property. Even though it still satisfies subadditive properties, as stated in
Propositions 3.2 and 3.3, the “breakdown” of strong additivity implies an unmistakable departure from the von Neumann
entropy. The lack of this property might at first appear somewhat troublesome. However, it may also place the quantum
logical entropy as a fundamental player in various special scenarios, e.g., when discussing the breakdown of subadditivity in
black holes [57].

Finally, we briefly extended the notion of logical entropy to post-selected quantum systems in two ways. In the first,
there exists a clear operational meaning associated with the logical entropy. In the second (weak logical entropy), there
exists only a loose connection with experimental procedures associated with weak measurements. It would be important
to study better the significance of the latter. Furthermore, properties of these logical entropies need yet to be investigated.
Also, a relation between both definitions can be established as seen in (65), where the square of the magnitude of the weak
logical entropy gives the logical entropy of post-selected systems. This raises a question about the phase of the weak logical
entropy. While we could not find a direct meaning to it, it seems to us that this problem deserves further analysis.
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