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Abstract – In this paper, we introduce a method to construct copulas. The method is based on combining the
partial derivatives of two copulas. We prove that the proposed method provides a copula. Then, we exemplify
the application of the method in several cases, illustrating the versatility of the method. We also prove that
using copulas from the family introduced in Rodríguez-Lallena and Úbeda-Flores (2004) [Stat Probab Lett
66, 3, 315–325. https://doi.org/10.1016/j.spl.2003.09.010], the method provides a copula inside that family.
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Introduction

From the fact that it is convenient to have a variety of copulas at our disposal, amplifying the options for modeling, in
this paper we propose a method to build copulas. The method provides a tool to elicitate a copula combining other copulas.
We limit the exposition to dimension 2, using 2-copulas to build 2-copulas, but the technique can be easily extended to
d-copulas, with d > 2.

Consider U and V two absolutely continuous random variables with Uniform distributions in [0, 1], our goal is to build a
2-copula between U and V. For to do that we consider H, a third absolutely continuous random variable linking U and V.
The proposal of this paper requires a previous knowledge of the existing dependence between (a)U andH, and (b) V andH.
To simplify the exposition and because we want to propose a method for elicitating 2-copulas between U and V, we assume
also that H is absolutely continuous random variable with Uniform distribution in [0, 1]. In this way, for the construction of
a copula between U and V, it is necessary to postulate a 2-copula between U andH and another 2-copula between V andH.

If we want to give a clear meaning to H, which rudimentarily speaking is a latent variable embedded in the process of
dependence of the variables U and V, we appeal to the principles of de Finetti’s representation theorems. Those theorems,
proved in de Finetti [1] and Hewitt and Savage [2], indicate that under certain conditions, see Aldous [3] and Mai [4], there is
a random variable H allowing the conditional independence between U and V. Then, those results provide the necessary
intuition behind the method proportioned in this paper.

For practicality and to expand the scope of the method, in this paper, we will not necessarily refer to H as the variable
identified in de Finetti [1] and Hewitt and Savage [2], since we want to present the idea that it is enough to have two
2-copulas, between U and H and V and H to postulate the resulting 2-copula between U and V.

The content of this paper is the following, Copula construction method section shows the method for the construction of
2-copulas, we also expose examples showing different situations. Rodríguez-Lallena and Úbeda-Flores Family section shows
the performance of the method on the family of 2-copulas proposed in Rodríguez-Lallena and Úbeda-Flores [5]. Conclusion
section shows the conclusions.

A copula construction method

In this section, we present the notion of copula and some implications of its definition, on partial derivatives. These
notions allow us to define the copula elicitation method that is based on a theorem that we postulate and prove in this
section. We exemplify the applicability of the method by addressing examples that allow us to assess the scope of the
method.
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Definition 2.1

A 2-copula is a function C: [0, 1]2 ? [0, 1] with the following properties,
� 8u; v 2 ½0; 1�;Cðu; 0Þ ¼ Cð0; vÞ ¼ 0; and Cðu; 1Þ ¼ u;Cð1; vÞ ¼ v;
� for every ui; vi 2 ½0; 1�; i ¼ 1; 2; such that u1 � u2 and v1 � v2;

V Cð½u1; u2� � ½v1; v2�Þ ¼ Cðu2; v2Þ � Cðu2; v1Þ � Cðu1; v2Þ þ Cðu1; v1Þ � 0:

Definition 2.1 implies that a 2-copula is a joint cumulative distribution of variables with Unif([0, 1]) marginal distributions.
In this paper, we simply use the term copula (and not 2-copula) since the technique and concepts can be extended to dimen-
sions greater than 2, and we limit ourselves to their development in dimension 2.

From Theorem 2.2.7 of Nelsen [6], if C is a copula, for any v 2 [0, 1]; the partial derivative
oCðu; vÞ

ou
exists for almost all u

(in the sense of Lebesgue measure). Also the function v ! oCðu; vÞ
ou

is nondecreasing almost everywhere on [0, 1]. In similar

way this properties are valid for the coordinate v: We see below an example.

Example 2.2

Let C be a function C : ½0; 1�2 ! ½0; 1� given by Cðu; vÞ ¼ uv
uþ v� uv

; u; v 2 ½0; 1�: Then, C is a copula. Note that this

copula is coming from the Ali–Mikhail–Haq family of copulas, with parameter equal to 1, since its general expression is
uv

1� hð1� uÞð1� vÞ ; h 2 ½�1; 1Þ: And,
oC u; vð Þ

ou
¼ v2

ðuþ v� uvÞ2 ; u; v 2 0; 1½ �:

Functions like v ! oCðu; vÞ
ou

are frequently used, together with the Sklar’s theorem, for generating samples from joint

distributions, prescribed the marginal distributions and the copula, see for instance Nelsen [6]. In a closer view, note that

oCðu; vÞ
ou

¼ lim
d!0

Cðuþ d; vÞ � Cðu; vÞ
d

¼ Prob ðV � vjU ¼ uÞ: ð1Þ

In a similar way as given by equation (1), we have that
oCðu; vÞ

ov
¼ Prob ðU � ujV ¼ vÞ: We show in Theorem 2.3 how the

functions
oCðu; vÞ

ou
and

oCðu; vÞ
ov

can be used to propose a copula. More specifically, Theorem 2.3 constitutes the basis of a

new method for elicitation of copulas. We consider two copulas C1 and C2; following Definition 2.1, we calculate their partial
derivatives (Eq. (1)) and finally we combine them (this is the proposal of the theorem) obtaining a new copula.

Theorem 2.3

If C1 and C2 are two copulas, see Definition 2.1,

Cðu; vÞ ¼
Z 1

0

oC1ðu; tÞ
ot

oC2ðv; tÞ
ot

dt; ð2Þ
is a copula.

Proof. Property i. of Definition 2.1: from equation (1) applied to C1,

Cðu; vÞ ¼
Z 1

0
Prob ðU � ujH ¼ tÞ � oC2ðv; tÞ

ot
dt: ð3Þ

If u = 0, Prob (U � 0|H = t) = 0, then C(0, v) = 0, "v 2 [0, 1], since
oC2ðv; tÞ

ot
is well defined (

oC2ðv; tÞ
ot

2 ½0; 1�; by
Theorem 2.2.7 in Nelsen [6]). Similarly, C(u, 0) = 0, "u 2 [0, 1].

If u = 1, Prob (U � 1|H = t) = 1; then, equation (3) is Cð1; vÞ ¼
Z 1

0

oC2ðv; tÞ
ot

dt ¼ C2ðv; 1Þ ¼ v since the marginal

distribution of the copula C2 is Uniform in [0, 1]. Similarly, C(u, 1) = u, "u 2 [0, 1].
Property ii. of Definition 2.1: consider ui, vi 2 [0, 1], i = 1, 2, such that u1 � u2 and v1 � v2, we need to prove VC (A) � 0,

for A = [u1, u2] � [v1, v2]. Write C as
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Cðu; vÞ ¼
Z 1

0
Prob ðU � ujH ¼ tÞ � Prob ðV � vjH ¼ tÞdt;

then,

V CðAÞ ¼
Z 1

0
½Prob ðU � u2jH ¼ tÞ � Prob ðU � u1jH ¼ tÞ�½Prob ðV � v2jH ¼ tÞ � Prob ðV � v1jH ¼ tÞ�dt

¼
Z 1

0
Prob ðu1 < U � u2jH ¼ tÞ � Prob ðv1 < V � v2jH ¼ tÞdt � 0;

ð4Þ

where equation (4) follows from the assumptions u1 � u2 and v1 � v2:
Then, C is a function following Definition 2.1. h

Thus, the strategy that we propose in this article seeks to fabricate a copula between U and V, with the help of a third
quantity, say H.

We can then say that via knowledge of two copulas C1 and C2, Theorem 2.3 states how to combine such copulas to build
a copula between U and V. This is, if C1 is a copula between U and H and C2 is a copula between V and H; we calculate
oC1ðu; tÞ

ot
and

oC2ðv; tÞ
ot

; then, through equation (2) we obtain a copula between U and V.

Equation (2) shows that the role that the variable H plays is to make the variables U and V conditionally independent
given H = t; since, Z 1

0

oC1ðu; tÞ
ot

oC2ðv; tÞ
ot

dt ¼
Z 1

0
Prob ðU � ujH ¼ tÞ � Prob ðV � vjH ¼ tÞdt:

The variable H that allows U and V to be linked could be interpreted as being the variable identified by de Finetti
representations, or a transformation of it, since in Theorem 2.3, H has Uniform distribution on [0, 1]: Although this
aspect escapes the focus of this article, we recommend the reader some papers on the subject, de Finetti [1], Hewitt and
Savage [2].

We present three examples, which seek to show the potential of equation (2), as a method of constructing copulas. The
first produces a copula that generalizes the Farlie–Gumbel–Morgenstern family (see Eyraud [7]), the second produces a cop-
ula in the Ali–Mikhail–Haq family (see Ali et al. [8]), the third example shows that although we choose two copulas C1 and
C2 in the same family of copulas, equation (2) does not necessarily generate a copula in the same family of C1 and C2.

The following example shows a case that combines two copulas, one of them being a member of the Farlie-Gumbel–Mor-
genstern family. Through the method proposed by Theorem 2.3, we build a copula that is a generalization of the Farlie–
Gumbel–Morgenstern copula.

Example 2.4

Consider two copulas, C1 and C2; C1ðu; tÞ ¼ u� uð1� tÞ
1
u and C2 v; tð Þ ¼ vt þ av 1� vð Þt 1� tð Þ; with

a 2 �1; 1½ �; u; v; t 2 0; 1½ �;

oC1ðu; tÞ
ot

¼ ð1� tÞ
1� u
u ;

oC2ðv; tÞ
ot

¼ vþ avð1� vÞð1� 2tÞ:

In this case, equation (2) is

Cðu; vÞ ¼ uv 1þ a
ðu� 1Þ
ðuþ 1Þ ðv� 1Þ

� �
; u; v 2 ½0; 1�;

which is a type of generalization of the Farlie–Gumbel–Morgenstern family of copulas (see Rodríguez-Lallena and Úbeda-
Flores [5]), and note that C2 is the Farlie–Gumbel–Morgenstern copula, with parameter a.

The following example shows a case that produces a copula, member of the Ali–Mikhail–Haq family, see Ali et al. [8] and
Nelsen [6].

Example 2.5

Consider two copulas, C1 and C2; C1ðu; tÞ ¼ u� uð1� tÞ
1
u;C2ðv; tÞ ¼ v� vð1� tÞ

1
v ; u; v; t 2 ½0; 1�,

oC1ðu; tÞ
ot

¼ ð1� tÞ
1� u
u ;

oC2ðv; tÞ
ot

¼ ð1� tÞ
1� v
v :

V.A. González-López and V. Litvinoff Justus: 4open 2023, 6, 2 3



Now, in this case, equation (2) is

Cðu; vÞ ¼ uv
uþ v� uv

; u; v 2 ½0; 1�;

which is a case of the Ali–Mikhail–Haq copula (with parameter equal to 1). Note that this copula is the one used in
Example 2.2.

The following example exposes a case that shows that even if the copulas C1 and C2 are coming from the same copula’s
family, the resulting copula (by the application of Theorem 2.3) is not a member of the same family of C1 and C2.

Example 2.6

Let C1 and C2 be two Gumbel–Hougaard copulas (see Hougaard [9]), C1ðu; tÞ ¼ut exp(�a ln(u) ln(t)); C2 (v,t) = vt exp(-
b ln(v) ln(t)), u, v, t 2 [0,1], with a, b 2 (0, 1],

oC1ðu; tÞ
ot

¼ uð1� a lnðuÞÞt�a lnðuÞ; oC2ðv; tÞ
ot

¼ vð1� b lnðvÞÞt�b lnðvÞ: �

Equation (2) is

Cðu; vÞ ¼ uv½1� a lnðuÞ�½1� b lnðvÞ�
1� a lnðuÞ � b lnðvÞ ; u; v 2 ½0; 1�:

That is, the constructed copula is not a member of Gumbel–Hougaard family.

In this section, we introduce the notion of partial derivative
oCðs; tÞ

ot
; fundamental for the copula construction method,

which is the result of Theorem 2.3. This notion is familiar in random vector simulation methods, as described in Nelsen [6].
The introduced method proposes to construct a copula between two variables U and V, using a third variable H and com-
bining the copula betweenU andH and the copula between V andH, through equation (2).H represents a random variable
connecting U and V: We conclude the section by presenting three examples illustrating the construction of three different
copulas.

The next subsection deals with the case of the family of copulas introduced in Rodríguez-Lallena and Úbeda-Flores [5].
Our goal is to identify if using two copulas C1 and C2 from that family, Theorem 2.3 gives us a copula in that family. We
know that it is not always the case, see for instance Example 2.6. But Example 2.4 seems to indicate that in certain families
(like Farlie–Gumbel–Morgenstern family) the construction of copulas proposed by Theorem 2.3 could behave in a closed
way.

Rodríguez–Lallena and Úbeda–Flores Family

We start this section by introducing the analytic form of a family of copulas present in Rodríguez-Lallena and Úbeda-
Flores [5]. We formalize the conditions for such a function to be a copula. It should be noted that the analytic form of this
copula involves a huge range of particular cases, widely investigated in the literature. For instance it includes families of
copulas with quadratic sections, see Quesada Molina and Rodríguez-Lallena [10], the family of copulas with cubic cross-
sections proposed in Nelsen et al. [11], and families of positive quadrant dependent copulas as the one introduced in Lai
and Xie [12]. See also Amblard and Girard [13] to obtain details about several properties of semi parametric families of
copulas in this class.

Consider the function C : ½0; 1�2 ! R;

C u; vð Þ ¼ uvþ f uð Þg uð Þ; f ; g non� zero real functions; f ; g : ½0; 1� ! R: ð5Þ
Following Theorem 2.3 of Rodríguez-Lallena and Úbeda-Flores [5], equation (5) is a copula, if and only if, f and g are abso-
lutely continuous, f(0) = f(1) = g(0) = g(1) = 0, and under the existence of the derivatives of f and g; say, on Af and Ag,
respectively,

af ¼ infff 0ðuÞ; u 2 Af g < 0; bf ¼ supff 0ðuÞ; u 2 Afg > 0; ð6Þ

ag ¼ inffg0ðuÞ; u 2 Agg < 0; bg ¼ supfg0ðuÞ; u 2 Agg > 0; ð7Þ

and, the next condition is true,

�1 � minfafbg; bf agg: ð8Þ

V.A. González-López and V. Litvinoff Justus: 4open 2023, 6, 24



The family of copulas that responds to the form given by equation (5) generalizes the Farlie–Gumbel–Morgenstern copula
and others that were developed, based on the idea of constructing copulas that are disturbances of the independence copula,
P(u, v) = uv; reaching for example weak dependence types. It is worth mentioning here that the independence copula P(u,
v) responds to Boltzmann–Gibbs–Shannon’s notion of entropy, while the copula given by equation (5) responds to Tsallis–
Havrda–Chavát’s entropy (see García et al. [14]). That is, while the copula that maximizes the entropy of Boltzmann–
Gibbs–Shannon is the copulaP; the copula that maximizes the entropy of Tsallis–Havrda–Chavát is the one given by equa-
tion (5). Then, in summary, this last family adopts a practical sense in terms of the quantification of chaos made by the
notion of entropy of Tsallis–Havrda–Chavát.

The following corollary shows that the family of copulas introduced in Rodríguez-Lallena and Úbeda-Flores [5] is
preserved, by applying the copula construction given by Theorem 2.3. The following result is established using Corollary
2.4 (Rodríguez-Lallena and Úbeda-Flores [5]). Corollary 2.4 adapts what is established by Theorem 2.3 (Rodríguez-Lallena
and Úbeda-Flores [5]). Note that Theorem 2.3 shows that under the constraints of equations (6)–(8) the functional form
uv+ f(u)g(v) is a copula, while Corollary 2.4 investigates a functional form that introduces a constant (a parameter d), being
the investigated form uv + df(u)g(v): The result identifies the range of possible values for such a parameter d, to guarantee
that the equation follows Definition 2.1.

Corollary 3.1

Let C1 and C2 be two copulas given by equation (5), C1 (u,t) = ut + f1 (u)g1 (t); C2 (v, t) = vt + f2 (v)g2 (t), then, the
copula resulting from equation (2) follows the form given by equation (5),

Cðu; vÞ ¼ uvþ df1ðuÞf2ðvÞ
with d ¼

Z 1

0
g01ðtÞg02ðtÞdt and

�1
maxfaf1af2 ; bf1bf2g

� d � �1
minfaf1bf2 ; bf1af2g

; where afi and bfi ,i = 1,2 follows (6).

Proof. Cðu; vÞ ¼ uvþ df1ðuÞf2ðvÞ is a direct consequence of equation (2). Already, condition
�1

maxfaf1af2 ; bf1bf2g
� d �

�1
minfaf1bf2 ; bf1af2g

follows from Corollary 2.4 of Rodríguez-Lallena and Úbeda-Flores [5]. h

What we see in Corollary 3.1 allows us to say that all generalizations of the Farlie–Gumbel–Morgenstern copula, which
are particular cases of equation (5), are preserved by the copula construction method proposed in this paper.

Example 3.2

Consider two copulas, C1 and C2, C1ðu; tÞ ¼ ut þ k1ua1ð1� uÞtb1ð1� tÞ and C2ðv; tÞ ¼ vt þ k2va2ð1� vÞtb2ð1� tÞ with u,

v, t 2 [0, 1], ai, bi � 1; and
�1

maxfAiGi;BiDig � ki � �1
minfAiDi;BiGig ; with Ai ¼ �ð ai

ai þ 1
Þai�1ð1þ 1

ai
Þai�1

;

Bi ¼ ai
aiþ1

� �ai�1
1� 1

ai

� �ai�1
; Gi ¼ � bi

biþ1

� �bi�1
1þ 1

bi

� �bi�1
; Di ¼ bi

biþ1

� �bi�1
1� 1

bi

� �bi�1
; i = 1,2: For details on the properties

of the copulas C1 and C2, see specific literature Lai and Xie [12] and Rodríguez-Lallena and Úbeda-Flores [5]. We can also
see the use of these models in practice in Fernández et al. [15].

Define f1ðuÞ ¼ k1ua1ð1� uÞ, f2ðvÞ ¼ k2va2ð1� vÞ, giðtÞ ¼ tbið1� tÞ; i = 1, 2. Applying the Corollary 3.1,

d ¼ 2b1b2
ðb1 þ b2 þ 1Þðb1 þ b2Þðb1 þ b2 � 1Þ

and

C u; vð Þ ¼ uvþ k1k2dua1 1� uð Þva2 1� vð Þ:
If we fix the values ai = bi = 1, i = 1, 2, C1 and C2 are the usual Farlie–Gumbel–Morgenstern copulas with parameters k1
and k2 respectively and �1 � ki � 1, i = 1, 2. Then, d ¼ 1

3 and the resulting copula is also a Farlie–Gumbel–Morgenstern

copula with parameter � 1
3
� k1k2 d � 1

3
.

The following corollary tells us how the method behaves when only one of the copulas chosen for the construction of C
follows equation (5).
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Corollary 3.3

Let C1 and C2 be two copulas, with C1 given by equation (5), C1 (u, t) = ut + f1 (u)g1 (t), then, the copula resulting from
equation (2) follows the form given by equation (5),

Cðu; vÞ ¼ uvþ f1ðuÞf2ðvÞ with f2ðvÞ ¼
Z 1

0
g01ðtÞ

oC2ðv; tÞ
ot

dt:

Proof. Since C1 (u, t ) =ut + f1 (u)g1(t); as C1 is a copula, are applied the conditions of Theorem 2.3 of Rodríguez-Lallena

and Úbeda-Flores [5] (Eqs. (6), (7) and (8)), and
oC1ðu; tÞ

ot
¼ uþ f1ðuÞg01ðtÞ: Then,

oC1ðu; tÞ
ot

oC2ðv; tÞ
ot

¼ u
oC2ðv; tÞ

ot
þ f1ðuÞg01ðtÞ

oC2ðv; tÞ
ot

:

The form (5) results from C2 being a copula (C2 (v, 1) = v and C2 (v, 0) = 0) and using the Theorem 2.3. h

Example 3.4

Consider two copulas, C1 and C2, C1 (u, t) = ut + ku(1 � u)t(1 � t) with k 2 [�1, 1]. and C2 (v, t) =
(v�1 + t�1 � 1)�1, u, v, t 2 [0, 1]. C1 is a Farlie–Gumbel–Morgenstern copula and C2 is a copula coming from the Clayton
family with parameter one, see Clayton [16].

Define f1 (u) = ku(1 � u) and g1 (t) = t(1 � t). Applying Corollary 3.3, and since

f2ðvÞ ¼
Z 1

0
g01ðtÞ

oC2ðv; tÞ
ot

dt ¼
Z 1

0
ð1� 2tÞ v2

ðt þ v� tvÞ2 dt ¼
vð1þ 2v lnðvÞ � v2Þ

ðv� 1Þ2 ;

the copula is Cðu; vÞ ¼ uv þ kuð1� uÞ vð1þ 2v lnðvÞ � v2Þ
ðv � 1Þ2 ; that is, a case of equation (5).

In this section, we investigate how the copula build by equation (2) turn out if we use at least one copula from the
copula family introduced in Rodríguez-Lallena and Úbeda-Flores [5]. We present our results in two corollaries. The first
of them identifies the analytic form of the resulting copula if both copulas C1 and C2 belong to the family introduced in
Rodríguez-Lallena and Úbeda-Flores [5]. Corollary 3.1 shows that the resulting copula is also a member of the family given
in Rodríguez-Lallena and Úbeda-Flores [5]. Corollary 3.3 gives the analytic form of the resulting copula if only one copula,
say C1; is a member of the family introduced in Rodríguez-Lallena and Úbeda-Flores [5]. And again, the resulting copula is a
member of the family introduced in Rodríguez-Lallena and Úbeda-Flores [5]. Both results are exemplified, see Examples 3.2
and 3.4.

Conclusion

In this paper we show how to use the functions
oC1ðu; tÞ

ot
and

oC2ðv; tÞ
ot

to obtain a copula between U and V, where u is a

value of U and v a value of V:We prove, in Theorem 2.3 that is only necessary C1 and C2 to be copulas to obtain a copula of

(U, V) by equation (2). Note that the quantities
oC1ðu; tÞ

ot
and

oC2ðv; tÞ
ot

are also used to generate random vectors with pre-

scribed dependence, and with prescribed marginal distributions, as Nelsen [6] shows. This means that all those functions
usually employed to generate vectors can also be used to create copula models. This fact shows the potential of the method
proposed in this paper. For a variety of models see Joe [17] and Nelsen [6].

We illustrate the method in three situations, (i) generating a copula that generalizes the Farlie–Gumbel–Morgenstern
copula family, see Example 2.4 (Eyraud [7]), (ii) generating an Ali-Mikhail-Haq type copula, see Example 2.5 (Ali et al. [8]),
and (iii) showing the type of dependence that results when combining two copulas coming from the Gumbel-Hougaard
family, see Example 2.6 (Hougaard [9]).

Returning to the problem cited in the introduction of this paper, we can then postulate an inferential strategy so
that from the dependence relationship between U and H represented by a copula C1 and between V and H; identified
by the copula C2, it is possible to postulate a dependence relationship between U and V that is generated from equation (2).
This type of construction of the dependence between U and V requires the identification of an auxiliary variable H, linking
U and V: For a subjective reading/interpretation of the meaning of the variable H see de Finetti [1], Hewitt and Savage [2]
and O’ Neill [18].

We finish our contribution with two results (Corollaries 3.1 and 3.3) that identify the behavior of our method when
applied to copulas from the family introduced in Rodríguez-Lallena and Úbeda-Flores [5]. We see that the method is able
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to preserve it, guaranteeing that the copula between U and V is a member of the Rodríguez-Lallena and Úbeda-Flores [5]
family. Corollaries 3.1 and 3.3 are exemplified in popular cases, see Examples 3.2 and 3.4 respectively.
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